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THE HESSIAN DISCRETISATION METHOD FOR FOURTH

ORDER LINEAR ELLIPTIC EQUATIONS

J�ERÔME DRONIOU, BISHNU P. LAMICHHANE, AND DEVIKA SHYLAJA

Abstract. In this paper, we propose a uni�ed framework, the Hessian dis-

cretisation method (HDM), which is based on four discrete elements (called
altogether a Hessian discretisation) and a few intrinsic indicators of accuracy,

independent of the considered model. An error estimate is obtained, using

only these intrinsic indicators, when the HDM framework is applied to linear
fourth order problems. It is shown that HDM encompasses a large number of

numerical methods for fourth order elliptic problems: �nite element methods

(conforming and non-conforming) as well as �nite volume methods. We also
use the HDM to design a novel method, based on conforming P1 �nite element

space and gradient recovery operators. Results of numerical experiments are

presented for this novel scheme and for a �nite volume scheme.

Keywords: fourth order elliptic equations, numerical schemes, error estimates, Hessian discretisation
method, Hessian schemes, �nite element method, �nite volume method, gradient recovery method.
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1. Introduction

Fourth order elliptic partial di�erential equations arise in various applications, such
as structural engineering, thin plate theories of elasticity, thin beams, biharmonic
problems, the Stokes problem, image processing, etc. A large number of schemes,
such as �nite element (conforming, non-conforming) and �nite volume methods,
have been developed for the numerical approximation of these models. The purpose
of this paper is to introduce a uni�ed analysis framework, the Hessian discretisation
method (HDM), that covers most of these schemes; by highlighting key abstract
properties that ensure the scheme's convergence, the HDM also enables the design
of novel schemes. We focus here on linear fourth order problem; non-linear models
will be covered in a forthcoming paper.

The principle of the HDM, inspired by the Gradient Discretisation Method for
2nd order problems [1010], is to �rst select four discrete elements (a space and three
reconstruction operators), altogether called a Hessian discretisation (HD). These
elements are then substituted, in the weak formulation of the model, to the corre-
sponding continuous space and operators, giving rise to a numerical scheme; this
scheme is called a Hessian scheme (HS). A few indicators only, independent of the
model and related to the coercivity, consistency and limit-conformity of the HD,
are required to write error estimates in L2, H1 and H2 norms for the corresponding
HS. We show that schemes of the �nite element and �nite volume families �t into
the HDM, with proper choices of HD, and we design a novel method based on the
conforming P1 space and a gradient recovery operator.

The �nite element (FE) method is one of the most well-known tools for solving
fourth-order elliptic boundary value problems. When conforming �nite elements

1
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are used, the corresponding space must be a subspace of H2
0 (
). The correspond-

ing strong continuity requirement of function and its derivatives makes it di�cult
to construct such a �nite element, and leads to schemes with a large number of
unknowns [33, 88, 66, 2626, 2727]. It is known that to consider a conforming �nite ele-
ment space with C1 continuity for a fourth-order problem, like the plate bending
problem, a polynomial of degree at least 5 with 18 parameters (Bell's triangle) is
required for a triangular element, and a bi-cubic polynomial with 16 parameters for
a rectangular element (Bogner-Fox-Schmit rectangle) [66]. The nonconforming �nite
element method relaxes the continuity requirement, which has a great impact on
the resulting scheme. For the fourth order problem, two interesting nonconforming
elements are the Adini rectangle and the Morley triangle [66]. The �nite element
methods have been well-developed for the fourth order partial di�erential equation
with variable constant coe�cients, biharmonic problem and the bending problem,
see [11, 22, 2929, 2828, 2323, 2424, 1414, 1313, 2020, 2222, 2525]. We refer to [1212] and the reference
therein for a discussion of �nite volume methods for the biharmonic problem on
general meshes. The interest of the method in [1212] is that it is easy to implement,
computationally cheap and requires only one unknown per cell. The analysis in
[1212] is �rst based on meshes that respect an adequate orthogonality property, and
then generalized to general polygonal meshes. In [2121], a �nite element method for
the biharmonic equation is presented; this method is based on gradient recovery
operator, where the basis functions of the two involved spaces satisfy a condition of
biorthogonality. The main idea is to use the gradient recovery operator to lift the
non-di�erentiable, piecewise-constant gradient of P1 �nite element functions into
the P1 �nite element space itself; the lifted functions are thus di�erentiable, and
can be used to compute some kind of Hessian matrix of P1 �nite element functions.
Ensuring the coercivity of the method in [2121] on generic triangular/tetrahedral
meshes however requires the addition of a stabilisation term. We also refer to [44]
for the application of the gradient recovery operator to fourth order eigenvalue
problems.

We note that the interest of the HDM is that it extends the analysis beyond the
setting of FE methods. It covers in particular situations where the second Strang
lemma cannot be applied either because the continuous bilinear form cannot be
extended to the space of discrete functions, and match there the discrete bilinear
form, or even because the discrete space used in the scheme is not a space of
functions (and the sum of the continuous and discrete spaces does not make sense).

The paper is organised as follows. In Section 22, we introduce the model problem
and list some important examples of fourth order problems. We present the Hessian
discretisation method in Section 33, together with the error estimate established in
this framework. In Section 44, we present a novel scheme based on the P1 FE space
and a gradient recovery designed using biorthogonal systems; this scheme does not
require additional stabilisation terms, as the corresponding Hessian discretisation is
built to already satisfy all required coercivity properties. In Section 55, we show that
the �nite volume method in [1212] is an HDM, and that the generic error estimate
established in the HDM slightly improves the estimates found in [1212], see Remark
5.45.4 below. Numerical results are presented to illustrate the theoretical convergence
rate established in the HDM for the gradient recovery method and �nite volume
method in Section 66. In Section 77, we show that some known schemes (conforming
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a n d n o n- c o nf or mi n g F E s c h e m e s) fit i nt o t h e H D M. Fi n all y, s o m e t e c h ni c al r e s ult s
ar e g at h er e d i n a n a p p e n di x.

N o t a ti o n s . A f o urt h or d er s y m m etri c t e n s o r P i s a li n e ar m a p S d (R ) → S d (R ),
w h er e S d (R ) i s t h e s et of s y m m etri c m atri c e s, d i s t h e di m e n si o n; p i j kl d e n ot e t h e
i n di c e s of t h e f o urt h or d er t e n s or P i n t h e c a n o ni c al b a si s of S d (R ). F or si m pli cit y,
w e f oll o w t h e Ei n st ei n s u m m ati o n c o n v e nti o n u nl e s s ot h er wi s e st at e d, i. e, if a n
i n d e x i s r e p e at e d i n a pr o d u ct, s u m m ati o n i s i m pli e d o v er t h e r e p e at e d i n d e x. F or
ξ ∈ S d (R ), u si n g t h e d e fi niti o n of s y m m etri c t e n s or, o n e h a s P ξ ∈ S d (R ) a n d
p i j kl = p j i kl = p i j l k . T h e s c al ar pr o d u ct o n S d (R ) i s d e fi n e d b y ξ : φ = ξ i j φ i j . F or
a f u n cti o n ξ : Ω → S d (R ), d e n oti n g t h e H e s si a n m atri x b y H w e s et H : ξ = ∂ i j ξ i j .
Fi n all y, t h e tr a n s p o s e P τ of P i s gi v e n b y P τ = ( p kl i j ), if P = ( p i j kl ). N ot e t h at
P τ ξ : φ = ξ : P φ . T h e t e n s or pr o d u ct a ⊗ b of t w o v e ct or s a, b ∈ R d i s t h e 2-t e n s or
wit h c o e ffi ci e nt s a i b j . T h e E u cli d e a n n or m o n R d i s d e n ot e d b y |·|, a s i s t h e i n d u c e d
n or m o n S d (R ). T h e L e b e s g u e m e a s ur e of a m e a s ur a bl e s et E ⊂ R d i s d e n ot e d b y
|E | ( n ot e t h at t h e n at ur e of t h e ar g u m e nt of |·|, a v e ct or or a s et, m a k e s it cl e ar if
w e t al k a b o ut t h e E u cli d e a n n or m or t h e L e b e s g u e m e a s ur e). T h e n or m i n L 2 ( Ω),
L 2 ( Ω) d f or v e ct or- v al u e d f u n cti o n s, a n d L 2 ( Ω; R d × d ) f or m atri x- v al u e d f u n cti o n s,
i s d e n ot e d b y · .

2. M o d e l p r o b l e m

L et Ω ⊂ R d b e a b o u n d e d d o m ai n wit h b o u n d ar y ∂ Ω a n d c o n si d er t h e f oll o wi n g
f o urt h or d er m o d el pr o bl e m wit h cl a m p e d b o u n d ar y c o n diti o n s.

d

i, j, k,l = 1

∂ kl (a i j kl ∂ i j u ) = f i n Ω, ( 2. 1 a)

u =
∂ u

∂ n
= 0 o n ∂ Ω , ( 2. 1 b)

w h er e x = ( x 1 , x2 , ..., xd ) ∈ Ω, f ∈ L 2 ( Ω), n i s t h e u nit o ut er n or m al t o Ω a n d
t h e c o e ffi ci e nt s a i j kl ar e m e a s ur a bl e b o u n d e d f u n cti o n s w hi c h s ati sf y t h e c o n diti o n s
a i j kl = a j i kl = a i j l k = a kl i j f or i, j, k, l = 1 , · · · , d. F or all ξ, φ ∈ S d (R ), w e a s s u m e
t h e e xi st e n c e of a f o urt h or d er t e n s or B s u c h t h at A ξ : φ = B ξ : B φ, w h er e A i s
t h e f o ur-t e n s or wit h i n di c e s a i j kl . We n oti c e t h at B ξ : B φ = B τ B ξ : φ , s o t h at
A = B τ B .

S etti n g

V = H 2
0 ( Ω) = v ∈ H 2 ( Ω); v =

∂ v

∂ n
= 0 o n ∂ Ω

= v ∈ H 2 ( Ω); v = | ∇v | = 0 o n ∂ Ω ,

t h e w e a k f or m ul ati o n of ( 2. 12. 1 ) i s

Fi n d u ∈ V s u c h t h at ∀ v ∈ V ,
Ω

H B u : H B v d x =
Ω

f v d x , ( 2. 2)

w h er e H B v = B H v . N ot e t h at
Ω

H B u : H B v d x =
Ω

A H u : H v d x , si n c e
A = B τ B . We a s s u m e i n t h e f oll o wi n g t h at B i s c o n st a nt o v er Ω, a n d t h at t h e
f oll o wi n g c o er ci vit y pr o p ert y h ol d s:

∃ > 0 s u c h t h at H B v ≥ v H 2 ( Ω ) , ∀ v ∈ H 2
0 ( Ω) . ( 2. 3)
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H e n c e, t h e w e a k f or m ul ati o n ( 2. 22. 2 ) h a s a u ni q u e s ol uti o n b y t h e L a x – Mil gr a m
l e m m a.

R e m a r k 2. 1. A d a pti n g t h e a n al y si s of S e cti o n 33 t o B d e p e n d e nt o n x ∈ Ω i s e a s y,
p r o vi d e d t h at t h e e nt ri e s of B b el o n g t o W 2 ,∞ ( Ω) .

2. 1. E x a m pl e s. L et u s e x a mi n e t w o s p e ci fi c e x a m pl e s of t h e a b str a ct pr o bl e m
(2. 12. 1 ).

2. 1. 1. Bi h a r m o ni c p r o bl e m. T h e bi h ar m o ni c pr o bl e m i s

∆ 2 u = f i n Ω, u =
∂ u

∂ n
= 0 i n ∂ Ω . ( 2. 4)

T h e w e a k f or m ul ati o n of t hi s m o d el i s gi v e n b y ( 2. 22. 2 ) pr o vi d e d t h at B i s c h o s e n t o
s ati sf y

Ω

H B u : H B v d x =
Ω

∆ u ∆ v d x .

O n e p o s si bl e c h oi c e of B i s t h er ef or e t o s et B ξ = t r ( ξ )
√

d
I d f or ξ ∈ S d (R ) ( w h er e I d i s

t h e i d e ntit y m atri x), i n w hi c h c a s e H B = ∆. Si n c e
Ω

∆ u ∆ v d x =
Ω

H u : H v d x ,

a n ot h er p o s si bilit y i s t o s et B t h e i d e ntit y t e n s or ( B ξ = ξ ), i n w hi c h c a s e H B = H .
B y t h e P oi n c ar é i n e q u alit y, b ot h c h oi c e s s ati sf y ( 2. 32. 3 ).

2. 1. 2. Pl at e p r o bl e m. T h e cl a m p e d pl at e pr o bl e m [ 66 , C h a pt e r 6] c orr e s p o n d s t o
(2. 22. 2 ) wit h d = 2 a n d l eft- h a n d si d e

Ω

∆ u ∆ v + ( 1 − γ )( 2 ∂ 1 2 u ∂ 1 2 v − ∂ 1 1 u ∂ 2 2 v − ∂ 2 2 u ∂ 1 1 v ) d x . ( 2. 5)

H er e, t h e c o n st a nt γ li e s i n t h e i nt er v al ( 0, 1
2 ). We n oti c e t h at ( 2. 52. 5 ) i s e q u al t o

Ω
A H u : H v d x , w h er e t h e t e n s or A h a s n o n- z er o i n di c e s a 1 1 1 1 = 1, a 2 2 2 2 = 1,

a 1 2 1 2 = ( 1 − γ ), a 2 1 2 1 = ( 1 − γ ), a 1 1 2 2 = γ a n d a 2 2 1 1 = γ . It s ‘ s q u ar e r o ot’

c a n b e d e fi n e d a s t h e t e n s or B wit h n o n- z er o i n di c e s b 1 1 1 1 = b 2 2 2 2 =
1 +

√
1 − γ 2

2 ,

b 1 1 2 2 = b 2 2 1 1 =
1 −

√
1 − γ 2

2 a n d b 1 2 1 2 = b 2 1 2 1 =
√

1 − γ . It c a n b e c h e c k e d t h at

(2. 32. 3 ) h ol d s si n c e, f or s o m e > 0, A ξ : ξ ≥ 2 |ξ |2 f or all ξ ∈ S d (R ).

3. T h e H e s si a n di s c r e ti s a ti o n m e t h o d

We pr e s e nt h er e t h e H e s si a n di s cr eti s ati o n m et h o d, a n d li st t h e pr o p erti e s t h at ar e
r e q uir e d f or t h e c o n v er g e n c e a n al y si s of t h e H e s si a n s c h e m e. T h e err or e sti m at e i s
st at e d at t h e e n d of t h e s e cti o n.

D e fi ni ti o n 3. 1 (B – H e s si a n di s cr eti s ati o n) . A B – H e s si a n di s c r eti s ati o n f o r cl a m p e d
b o u n d a r y c o n diti o n s i s a q u a d r u pl et D = ( X D ,0 , Π D , ∇ D , H B

D ) s u c h t h at

• X D ,0 i s a fi nit e- di m e n si o n al s p a c e e n c o di n g t h e u n k n o w n s of t h e m et h o d,
• Π D : X D ,0 → L 2 ( Ω) i s a li n e a r m a p pi n g t h at r e c o n st r u ct s a f u n cti o n f r o m

t h e u n k n o w n s,
• ∇ D : X D ,0 → L 2 ( Ω) d i s a li n e a r m a p pi n g t h at r e c o n st r u ct s a g r a di e nt f r o m

t h e u n k n o w n s,
• H B

D : X D ,0 → L 2 ( Ω; R d × d ) i s a li n e a r m a p pi n g t h at r e c o n st r u ct s a di s c r et e
v e r si o n of H B ( = B H ) f r o m t h e u n k n o w n s. It m u st b e c h o s e n s u c h t h at

· D : = H B
D · i s a n o r m o n X D ,0 .
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R e m a r k 3. 2 ( D e p e n d e n c e of t h e H e s si a n di s cr eti s ati o n o n B ). I n t h e ( 2 n d o r d e r )
g r a di e nt di s c r eti s ati o n m et h o d, t h e d e fi niti o n of a g r a di e nt di s c r eti s ati o n i s i n d e-
p e n d e nt of t h e di ff e r e nti al o p e r at o r. H e r e, o u r d e fi niti o n of H e s si a n di s c r eti s ati o n
d e p e n d s o n B , t h at a p p e a r s i n t h e di ff e r e nti al o p e r at o r. T hi s i s j u sti fi e d b y t h e
f a ct t h at s o m e m et h o d s ( s u c h a s t h e o n e p r e s e nt e d i n S e cti o n 55 ) a r e n ot b uilt o n
a n a p p r o xi m ati o n of t h e e nti r e H e s si a n of t h e f u n cti o n s, b ut o nl y o n s o m e of t h ei r
d e ri v ati v e s ( s u c h a s t h e L a pl a ci a n of t h e f u n cti o n s ). Alt h o u g h it mi g ht b e p o s si bl e
t o e n ri c h t h e s e m et h o d s b y a d di n g a p p r o xi m ati o n s of t h e ‘ mi s si n g’ s e c o n d o r d e r
d e ri v ati v e s ( a s d o n e i n [99 ] i n t h e c o nt e xt of t h e G D M ), it d o e s n ot s e e m t o b e t h e
m o st n at u r al w a y t o p r o c e e d, a n d it l e a d s t o a d diti o n al t e c h ni c alit y i n t h e a n al y si s.
M a ki n g t h e d e fi niti o n of H D d e p e n d e nt o n t h e c o n si d e r e d m o d el t h r o u g h B e n a bl e s
u s t o m o r e n at u r all y e m b e d s o m e k n o w n m et h o d s i nt o t h e H D M.
N ot e h o w e v e r t h at a n u m b e r of F E m et h o d s p r o vi d e a p p r o xi m ati o n s of t h e e nti r e
H e s si a n of t h e f u n cti o n s ( s e e S e cti o n s 44 a n d 77 ). F o r t h o s e m et h o d s, a B - H e s si a n
di s c r eti s ati o n i s b uilt f r o m a n I d- H e s si a n di s c r eti s ati o n (t h at i s i n d e p e n d e nt of t h e
m o d el ) b y s etti n g H B

D = B H I d
D .

If D = ( X D ,0 , Π D , ∇ D , H B
D ) i s a B – H e s si a n di s cr eti s ati o n, t h e c orr e s p o n di n g s c h e m e

f or (2. 12. 1 ), c all e d H e s si a n s c h e m e ( H S), i s gi v e n b y

Fi n d u D ∈ X D ,0 s u c h t h at f or a n y v D ∈ X D ,0 ,

Ω

H B
D u D : H B

D v D d x =
Ω

f Π D v D d x .
( 3. 1)

T hi s H S i s o bt ai n e d b y r e pl a ci n g, i n t h e w e a k f or m ul ati o n ( 2. 22. 2 ), t h e c o nti n u o u s
s p a c e V b y X D ,0 , a n d b y u si n g t h e r e c o n str u cti o n s ΠD a n d H B

D i n li e u of t h e
f u n cti o n a n d it s H e s si a n.
We will s h o w t h at t h e a c c ur a c y of t h e H S c a n b e e v al u at e d u si n g o nl y t hr e e m e a-
s ur e s, all i ntri n si c t o t h e H e s si a n di s cr eti s ati o n. T h e fir st o n e i s a c o n st a nt, C B

D ,
w hi c h c o ntr ol s t h e n or m of t h e li n e ar m a p pi n g s Π D a n d ∇ D .

C B
D =  m a x

w ∈ X D , 0 \ { 0 }

Π D w

H B
D w

,
∇ D w

H B
D w

. ( 3. 2)

T h e s e c o n d m e a s ur e of a c c ur a c y i s t h e i nt er p ol ati o n err or S B
D d e fi n e d b y

∀ ϕ ∈ H 2
0 ( Ω) ,

S B
D (ϕ ) = mi n

w ∈ X D , 0

Π D w − ϕ + ∇ D w − ∇ ϕ + H B
D w − H B ϕ .

( 3. 3)

Fi n all y, t h e t hir d q u a ntit y i s a m e a s ur e of li mit- c o nf or mit y of t h e H D, t h at i s, h o w
w ell a di s cr et e i nt e gr ati o n- b y- p art s f or m ul a i s v eri fi e d b y t h e di s cr et e o p er at or s:

∀ ξ ∈ H B ( Ω) : = { ζ ∈ L 2 ( Ω) d × d ; H : B τ B ζ ∈ L 2 ( Ω) } ,

W B
D (ξ ) =  m a x

w ∈ X D , 0 \ { 0 }

1

H B
D w Ω

(H : B τ B ξ ) Π D w − B ξ : H B
D w d x .

( 3. 4)

N ot e t h at if ξ ∈ H B ( Ω) a n d φ ∈ H 2
0 ( Ω), i nt e gr ati o n- b y- p art s s h o w t h at

Ω
(H :

B τ B ξ )φ =
Ω

B ξ : H B φ . H e n c e, t h e q u a ntit y i n t h e ri g ht- h a n d si d e of (3. 43. 4 )

m e a s ur e s a d ef e ct of di s cr et e i nt e gr ati o n- b y- p art s b et w e e n Π D a n d H B
D .

Cl o s el y a s s o ci at e d t o t h e t hr e e m e a s ur e s a b o v e ar e t h e n oti o n s of c o er ci vit y, c o n-
si st e n c y a n d li mit- c o nf or mit y of a s e q u e n c e of H e s si a n di s cr eti s ati o n s.
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D e fi ni ti o n 3. 3 ( C o er ci vit y, c o n si st e n c y a n d li mit- c o nf or mit y) . L et (D m ) m ∈ N b e a
s e q u e n c e of B – H e s si a n di s c r eti s ati o n s i n t h e s e n s e of D e fi niti o n 3. 13. 1 . W e s a y t h at

( 1 ) (D m ) m ∈ N i s c o er ci v e if t h e r e e xi st s C P ∈ R + s u c h t h at C B
D m

≤ C P f o r all
m ∈ N .

( 2 ) (D m ) m ∈ N i s c o n si st e nt , if

∀ ϕ ∈ H 2
0 ( Ω) , li m

m → ∞
S B

D m
(ϕ ) = 0 . ( 3. 5)

( 3 ) (D m ) m ∈ N i s li mit- c o nf or mi n g, if

∀ ξ ∈ H B ( Ω) , li m
m → ∞

W B
D m

(ξ ) = 0 . ( 3. 6)

R e m a r k 3. 4. A s f o r t h e ( 2 n d o r d e r ) g r a di e nt di s c r eti s ati o n m et h o d, s e e [1 01 0 , L e m-
m a s 2. 1 6 a n d 2. 1 7] , it i s e a sil y p r o v e d t h at, f o r c o e r ci v e s e q u e n c e s of H D s, t h e
c o n si st e n c y a n d li mit- c o nf o r mit y p r o p e rti e s (3. 53. 5 ) a n d (3. 63. 6 ) o nl y n e e d t o b e t e st e d
f o r f u n cti o n s i n d e n s e s u b s et s of H 2

0 ( Ω) a n d H B ( Ω) , r e s p e cti v el y.

R e m a r k 3. 5. If B = I d , w e w rit e H D ( r e s p. C D , S D a n d W D ) i n st e a d of H I d
D

( r e s p. C I d
D , S I d

D a n d W I d
D ).

We c a n n o w st at e o ur m ai n t h e or e m gi vi n g t h e err or e sti m at e s.

T h e o r e m 3. 6 ( Err or e sti m at e f or H e s si a n s c h e m e s) . U n d e r A s s u m pti o n (2. 32. 3 ), l et
u b e t h e s ol uti o n t o (2. 22. 2 ). L et D b e a B – H e s si a n di s c r eti s ati o n a n d u D b e t h e
s ol uti o n t o t h e c o r r e s p o n di n g H e s si a n s c h e m e (3. 13. 1 ). T h e n w e h a v e t h e f oll o wi n g
e r r o r e sti m at e s:

Π D u D − u ≤ C D W B
D (H u ) + ( C D + 1) S B

D (u ), ( 3. 7)

∇ D u D − ∇ u ≤ C D W B
D (H u ) + ( C D + 1) S B

D (u ), ( 3. 8)

H B
D u D − H B u ≤ W B

D (H u ) + 2 S B
D (u ). ( 3. 9)

( N ot e t h at H u ∈ H B ( Ω) b e c a u s e H u ∈ L 2 ( Ω) d × d a n d H : B τ B H u = H : A H u =
f ∈ L 2 ( Ω) . )

T h e f oll o wi n g c o n v er g e n c e r e s ult i s a tri vi al c o n s e q u e n c e of t h e err or e sti m at e s
a b o v e.

C o r oll a r y 3. 7 ( C o n v er g e n c e) . L et (D m ) m ∈ N b e a s e q u e n c e of B – H e s si a n di s-
c r eti s ati o n s t h at i s c o e r ci v e, c o n si st e nt a n d li mit- c o nf o r mi n g. T h e n, a s m → ∞ ,
Π D m u D m → u i n L 2 ( Ω) , ∇ D m u D m → ∇ u i n L 2 ( Ω) d a n d H B

D m
u D m → H B u i n

L 2 ( Ω) d × d .

L et u s n o w pr o v e T h e or e m 3. 63. 6 .

P r o of of T h e o r e m 3. 63. 6 . F or all v D ∈ X D ,0 , t h e e q u ati o n (2. 1 a2. 1 a ) t a k e n i n t h e s e n s e of
di stri b uti o n s s h o w s t h at f = H : A H u , a n d t h u s, b y t h e H e s si a n s c h e m e (3. 13. 1 ),

Ω

H B
D u D : H B

D v D d x =
Ω

f Π D v D d x =
Ω

(H : B τ B H u ) Π D v D d x .

U si n g t h e d e fi niti o n of W B
D , w e i nf er

Ω

H B u − H B
D u D : H B

D v D d x ≤ W B
D (H u ) H B

D v D . ( 3. 1 0)
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D e fi n e t h e i nt er p ol a nt P D : H 2
0 ( Ω) → X D ,0 b y

P D u = ar g mi n
w ∈ X D , 0

Π D w − u + ∇ D w − ∇ u + H B
D w − H B u

a n d n oti c e t h at

Π D P D u − u + ∇ D P D u − ∇ u + H B
D P D u − H B u ≤ S B

D (u ). ( 3. 1 1)

I ntr o d u ci n g t h e t er m H B u a n d u si n g ( 3. 1 03. 1 0 ), w e o bt ai n

Ω

H B
D P D u − H B

D u D : H B
D v D d x

=
Ω

H B u − H B
D u D : H B

D v D d x +
Ω

H B
D P D u − H B u : H B

D v D d x

≤ W B
D (H u ) H B

D v D + H B
D P D u − H B u H B

D v D .

C h o o si n g v D = P D u − u D , w e g et

H B
D (P D u − u D ) 2 ≤ W B

D (H u ) H B
D (P D u − u D )

+ H B
D P D u − H B u H B

D (P D u − u D ) .

T h u s, b y ( 3. 1 13. 1 1 ),

H B
D P D u − H B

D u D ≤ W B
D (H u ) + S B

D (u ). ( 3. 1 2)

A u s e of tri a n gl e i n e q u alit y, ( 3. 1 13. 1 1 ) a n d ( 3. 1 23. 1 2 ) yi el d s

H B
D u D − H B u ≤ H B

D u D − H B
D P D u + H B

D P D u − H B u

≤ W B
D (H u ) + 2 S B

D (u ),

w hi c h i s ( 3. 93. 9 ). U si n g t h e d e fi niti o n of C D , a n d (3. 1 13. 1 1 ) a n d ( 3. 1 23. 1 2 ), w e o bt ai n

Π D u D − u ≤ Π D u D − Π D P D u + Π D P D u − u

≤ C D H B
D P D u − H B

D u D + S B
D (u )

≤ C D W B
D (H u ) + ( C D + 1) S B

D (u ).

H e n c e, ( 3. 73. 7 ) i s e st a bli s h e d, a n d ( 3. 83. 8 ) f oll o w s i n a si mil ar w a y.

We n o w ai m t o pr e s e nt p arti c ul ar H D M s. T h e fir st (i n S e cti o n 44 ) i s a n o v el s c h e m e
b a s e d o n gr a di e nt r e c o v er y o p er at or s, a n d a p arti c ul ar c h e a p c o n str u cti o n of t h e s e
o p er at or s u si n g bi ort h o g o n al b a si s. T h e n, w e s h o w t h at a fi nit e v ol u m e m et h o d (i n
S e cti o n 55 ) a n d k n o w n fi nit e el e m e nt m et h o d s (i n S e cti o n 77 ) fit i nt o t h e H D M. L et
u s fir st s et s o m e n ot ati o n s r el at e d t o m e s h e s.

D e fi ni ti o n 3. 8 ( P ol yt o p al m e s h [ 1 01 0 , D e fi niti o n 7. 2]). L et Ω b e a b o u n d e d p ol yt o p al
o p e n s u b s et of R d ( d ≥ 1 ). A p ol yt o p al m e s h of Ω i s T = ( M , F , P ), w h e r e:

( 1 ) M i s a fi nit e f a mil y of n o n e m pt y c o n n e ct e d p ol yt o p al o p e n di sj oi nt s u b s et s
of Ω (t h e c ell s ) s u c h t h at Ω = ∪ K ∈ M K . F o r a n y K ∈ M , |K | > 0 i s t h e
m e a s u r e of K , h K d e n ot e s t h e di a m et e r of K , x K i s t h e c e nt e r of m a s s of
K , a n d n K i s t h e o ut e r u nit n o r m al t o K .

( 2 ) F i s a fi nit e f a mil y of di sj oi nt s u b s et s of Ω (t h e e d g e s of t h e m e s h i n 2 D,
t h e f a c e s i n 3 D ), s u c h t h at a n y σ ∈ F i s a n o n e m pt y o p e n s u b s et of a
h y p e r pl a n e of R d a n d σ ⊂ Ω . A s s u m e t h at f o r all K ∈ M t h e r e e xi st s
a s u b s et F K of F s u c h t h at t h e b o u n d a r y of K i s σ ∈ F K

σ . W e t h e n s et

M σ = { K ∈ M ; σ ∈ F K } a n d a s s u m e t h at, f o r all σ ∈ F , M σ h a s e x a ctl y
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o n e el e m e nt a n d σ ⊂ ∂ Ω , o r M σ h a s t w o el e m e nt s a n d σ ⊂ Ω . L et F i n t b e
t h e s et of all i nt e ri o r f a c e s, i. e. σ ∈ F s u c h t h at σ ⊂ Ω , a n d F e x t t h e s et
of b o u n d a r y f a c e s, i. e. σ ∈ F s u c h t h at σ ⊂ ∂ Ω . T h e (d − 1) - di m e n si o n al
m e a s u r e of σ ∈ F i s |σ |, a n d it s c e nt r e of m a s s i s x σ .

( 3 ) P = ( x K ) K ∈ M i s a f a mil y of p oi nt s of Ω i n d e x e d b y M a n d s u c h t h at, f o r
all K ∈ M , x K ∈ K . A s s u m e t h at a n y c ell K ∈ M i s st ri ctl y x K - st a r-
s h a p e d, m e a ni n g t h at if x ∈ K t h e n t h e li n e s e g m e nt [x K , x ) i s i n cl u d e d i n
K .

T h e di a m et e r of s u c h a p ol yt o p al m e s h i s h = m a x K ∈ M h K .

4. M e t h o d b a s e d o n G r a di e n t R e c o v e r y O p e r a t o r s

4. 1. G e n e r al s e t ti n g. L et V h b e a n H 1
0 - c o nf or mi n g fi nit e el e m e nt s p a c e wit h u n-

d erl yi n g m e s h M = M h . We a s s u m e t h at V h c o nt ai n s t h e pi e c e wi s e li n e ar f u n c-
ti o n s, a n d t h at M h s ati s fi e s u s u al r e g ul arit y a s s u m pti o n s, n a m el y, d e n oti n g b y
ρ K = m a x { r > 0 ; B (x K , r) ⊂ K } t h e m a xi m al r a di u s of b all s c e ntr e d at x K a n d
i n cl u d e d i n K , w e a s s u m e t h at t h er e e xi st s η > 0 (i n d e p e n d e nt of h ) s u c h t h at

∀ K ∈ M , η ≥
h K

ρ K
. ( 4. 1)

T h e gr a di e nt ∇ u of u ∈ V h i s w ell d e fi n e d, b ut it s s e c o n d d eri v ati v e ∇ ∇ u i s n ot.
I n or d er t o c o m p ut e s o m e s ort of s e c o n d d eri v ati v e s, c o n si d er a pr oj e ct or Q h :
L 2 ( Ω) → V h , w hi c h i s e xt e n d e d t o L 2 ( Ω) d c o m p o n e nt- wi s e. T h e n ∇ u c a n b e
pr oj e ct e d o nt o V d

h , a n d t h e r e s ulti n g f u n cti o n Q h ∇ u ∈ V d
h i s di ff er e nti a bl e. We

c a n t h e n c o n si d er ∇ (Q h ∇ u ) a s a s ort of H e s si a n of u . H o w e v er, it n ot n e c e s s aril y
cl e ar, f or s o m e i nt er e sti n g c h oi c e s of pr a cti c all y c o m p ut a bl e Q h ( s e e S e cti o n 4. 24. 2 ),
t h at t hi s r e c o n str u ct e d H e s si a n h a s pr o p er c o er ci vit y pr o p erti e s. We t h er ef or e al s o
c o n si d er a f u n cti o n S h w h o s e r ol e i s t o st a bili s e t hi s r e c o n str u ct e d H e s si a n.
L et ( V h , Qh , Ih , S h ) b e a q u a dr u pl et of a fi nit e el e m e nt s p a c e V h ⊂ H 1

0 ( Ω), a r e c o n-
str u cti o n o p er at or Q h : L 2 ( Ω) → V h t h at i s a pr oj e ct or o nt o V h (t h at i s, Q h = I d
o n V h ), a n i nt er p ol a nt I h : H 2

0 ( Ω) → V h a n d a st a bili s ati o n f u n cti o n S h ∈ L ∞ ( Ω) d

s u c h t h at, wit h c o n st a nt s C n ot d e p e n di n g o n h ,

( P 0 ) [St r u c u r e of V h a n d I h ] T h e i n v er s e e sti m at e ∇ z ≤ C h − 1 z h ol d s f or
all z ∈ V h a n d, f or ϕ ∈ H 2

0 ( Ω), w e h a v e ∇ I h ϕ − ∇ ϕ ≤ C h ϕ H 2 ( Ω ) .

( P 1 ) [St a bilit y of Q h ] F or φ ∈ L 2 ( Ω), w e h a v e Q h φ ≤ C φ .
( P 2 ) [Q h ∇ I h a p p r o xi m at e s ∇ ] F or s o m e s p a c e W d e n s el y e m b e d d e d i n H 3 ( Ω) ∩

H 2
0 ( Ω) a n d f or all ψ ∈ W , w e h a v e Q h ∇ I h ψ − ∇ ψ ≤ C h 2 ψ W .

( P 3 ) [H 1 a p p r o xi m ati o n p r o p e rt y of Q h ] F or w ∈ H 2 ( Ω) ∩ H 1
0 ( Ω), w e h a v e

∇ Q h w − ∇ w ≤ C h w H 2 ( Ω ) .

( P 4 ) [A s y m pt oti c d e n sit y of [(Q h ∇ − ∇ )( V h )] ⊥ ] S etti n g N h = [( Q h ∇ − ∇ )( V h )] ⊥ ,
w h er e t h e ort h o g o n alit y i s c o n si d er e d f or t h e L 2 ( Ω) d -i n n er pr o d u ct, t h e
f oll o wi n g a p pr o xi m ati o n pr o p ert y h ol d s:

i nf
µ h ∈ N h

µ h − ϕ ≤ C h ϕ H 1 ( Ω ) d , ∀ ϕ ∈ H 1 ( Ω) d ,

( P 5 ) [St a bili s ati o n f u n cti o n ] 1 ≤ | S h | ≤ C a n d, f or all K ∈ M , d e n oti n g b y
V h (K ) = { v |K ; v ∈ V h , K ∈ M } t h e l o c al F E s p a c e,

S h |K ⊗ (Q h ∇ − ∇ )( V h (K )) ⊥ ∇ V h (K ) d ,
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w h er e t h e ort h o g o n alit y i s u n d er st o o d i n L 2 (K ) d × d wit h t h e i n n er pr o d u ct
i n d u c e d b y “: ”.

R e m a r k 4. 1. A cl a s si c al o p e r at o r Q h t h at s ati s fi e s t h e s e a s s u m pti o n s, f o r st a n d a r d
F E s p a c e s V h , i s t h e L 2 - o rt h o g o n al p r oj e ct o r o n V h . T hi s o p e r at o r i s h o w e v e r n o n-
l o c al a n d c o m pli c at e d t o c o m p ut e. W e p r e s e nt i n S e cti o n 4. 24. 2 a m u c h m o r e e ffi ci e nt
c o n st r u cti o n of Q h , l o c al a n d b a s e d o n bi o rt h o g o n al b a s e s.

T o c o n str u ct a n H D b a s e d o n s u c h a q u a dr u pl et, w e a s s u m e t h e f oll o wi n g str o n g er
f or m of (2. 32. 3 ):

∃ C B > 0 : |B ξ | ≥ C B |ξ | , ∀ ξ ∈ S d (R ). ( 4. 2)

D e fi ni ti o n 4. 2 (B – H e s si a n di s cr eti s ati o n u si n g gr a di e nt r e c o v er y) . U n d e r A s-
s u m pti o n (4. 24. 2 ), t h e B - H e s si a n di s c r eti s ati o n b a s e d o n a q u a d r u pl et (V h , Qh , Ih , S h )
s ati sf yi n g ( P 0 ) – ( P 5 ) i s d e fi n e d b y: X D ,0 = V h a n d, f o r u ∈ X D ,0 ,

Π D u = u , ∇ D u = Q h ∇ u a n d H B
D u = B [∇ (Q h ∇ u ) + S h ⊗ (Q h ∇ u − ∇ u )] .

T h e n e xt t h e or e m gi v e s a n e sti m at e o n t h e a c c ur a c y m e a s ur e s C B
D , S B

D a n d W B
D

a s s o ci at e d wit h a n H D D u si n g gr a di e nt r e c o v er y. I n ci d e nt all y, t h e e sti m at e o n C B
D

al s o e st a bli s h e s t h at H B
D · i s a n or m o n X D ,0 .

T h e o r e m 4. 3 ( E sti m at e s f or H e s si a n di s cr eti s ati o n s b a s e d o n gr a di e nt r e c o v er y) .
L et D b e a B – H e s si a n di s c r eti s ati o n i n t h e s e n s e of D e fi niti o n 4. 24. 2 , wit h B s ati sf yi n g
E sti m at e (4. 24. 2 ) a n d (V h , Ih , Qh , S h ) s ati sf yi n g ( P 0 ) – ( P 5 ) . T h e n, t h e r e e xi st s a
c o n st a nt C , n ot d e p e n di n g o n h , s u c h t h at

• C B
D ≤ C ,

• ∀ ϕ ∈ W , S B
D (ϕ ) ≤ C h ϕ W ,

• ∀ ξ ∈ H 2 ( Ω) d × d , W B
D (ξ ) ≤ C h ξ H 2 ( Ω ) d × d .

B ef or e pr o vi n g t hi s t h e or e m, l et u s n ot e t h e f oll o wi n g str ai g htf or w ar d c o n s e q u e n c e
of R e m ar k 3. 43. 4 .

C o r oll a r y 4. 4 ( Pr o p erti e s of H e s si a n di s cr eti s ati o n b a s e d o n gr a di e nt r e c o v er y) .
L et (D m ) m ∈ N b e a s e q u e n c e of B – H e s si a n di s c r eti s ati o n s, wit h B s ati sf yi n g E sti-
m at e (4. 24. 2 ) a n d e a c h D m a s s o ci at e d wit h (V h m

, Qh m
, Ih m

, S h m
) s ati sf yi n g ( P 0 ) –

( P 5 ) u nif o r ml y wit h r e s p e ct t o m . A s s u m e t h at h m → 0 a s m → ∞ . T h e n t h e
s e q u e n c e (D m ) m ∈ N i s c o e r ci v e, c o n si st e nt a n d li mit- c o nf o r mi n g.

P r o of of T h e o r e m 4. 34. 3 .

• C o e r ci vi t y : L et v ∈ X D ,0 . N oti ci n g t h at |a ⊗ b | = |a ||b | f or a n y t w o v e ct or s a
a n d b , t h e d e fi niti o n of H B

D , Pr o p ert y (4. 24. 2 ) of B a n d |S | ≥ 1 yi el d

H B
D v 2 ≥ C 2

B
Ω

| ∇(Q h ∇ v ) + S h ⊗ (Q h ∇ v − ∇ v )|
2

d x

= C 2
B

Ω

| ∇(Q h ∇ v )|2 d x + C 2
B

Ω

|S h ⊗ (Q h ∇ v − ∇ v )|2 d x

+ 2 C 2
B

Ω

∇ (Q h ∇ v ) : S h ⊗ (Q h ∇ v − ∇ v ) d x

≥ C 2
B ∇ (Q h ∇ v ) 2 + Q h ∇ v − ∇ v 2

+ 2 C 2
B

K ∈ M K

∇ (Q h ∇ v ) : S h ⊗ (Q h ∇ v − ∇ v ) d x .
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Si n c e ∇ (Q h ∇ v ) |K ∈ ∇ V h (K ) d , a u s e of pr o p ert y ( P 5 ) s h o w s t h at t h e l a st t er m
v a ni s h e s, a n d w e h a v e t h u s

H B
D v 2 ≥ C 2

B ∇ (Q h ∇ v ) 2 + Q h ∇ v − ∇ v 2 , ( 4. 3)

w hi c h i m pli e s

C − 1
B

√
2 H B

D v ≥ ∇ (Q h ∇ v ) + Q h ∇ v − ∇ v . ( 4. 4)

A p pl y n o w t h e P oi n c ar é i n e q u alit y t wi c e, t h e tri a n gl e i n e q u alit y a n d ( 4. 44. 4 ) t o o bt ai n

Π D v = v ≤ di a m( Ω) ∇ v

≤ di a m( Ω) ∇ v − Q h ∇ v + di a m( Ω) Q h ∇ v

≤ di a m( Ω) ∇ v − Q h ∇ v + di a m( Ω) 2 ∇ (Q h ∇ v )

≤ C − 1
B

√
2 m a x( di a m( Ω) , di a m( Ω) 2 ) H B

D v . ( 4. 5)

Fr o m ( 4. 34. 3 ) a n d t h e P oi n c ar é i n e q u alit y, w e al s o h a v e

∇ D v = Q h ∇ v ≤ di a m( Ω) ∇ (Q h ∇ v ) ≤ di a m( Ω) C − 1
B H B

D v . ( 4. 6)

E sti m at e s ( 4. 54. 5 ) a n d ( 4. 64. 6 ) s h o w t h at C B
D ≤ C − 1

B

√
2 m a x( di a m( Ω) , di a m( Ω) 2 ).

• C o n si s t e n c y : l et ϕ ∈ W ⊂ H 3 ( Ω) ∩ H 2
0 ( Ω) a n d c h o o s e v = I h ϕ ∈ X D ,0 . U si n g

t h e pr o p erti e s ( P 0 ) ( w hi c h i m pli e s I h ϕ − ϕ ≤ C h ϕ H 2 ( Ω ) b y t h e P oi n c ar é
i n e q u alit y) a n d ( P 2 ) , w e o bt ai n

Π D v − ϕ = I h ϕ − ϕ ≤ C h ϕ H 2 ( Ω ) ( 4. 7)

a n d

∇ D v − ∇ ϕ = Q h ∇ I h ϕ − ∇ ϕ ≤ C h 2 ϕ W . ( 4. 8)

L et u s n o w t ur n t o H B
D v − H B ϕ . O b s er v e t h at ∇ ∇ i s a n ot h er n ot ati o n f or H .

U si n g a tri a n gl e i n e q u alit y, t h e b o u n d e d n e s s of B a n d S h i m pli e s

H B
D v − H B ϕ = B [∇ (Q h ∇ v ) + S h ⊗ (Q h ∇ v − ∇ v )] − B H ϕ

≤ B [∇ (Q h ∇ v ) − ∇ ∇ ϕ ] + B S h ⊗ (Q h ∇ v − ∇ v )

≤ C ∇ (Q h ∇ v ) − ∇ ∇ ϕ

A 1

+ C Q h ∇ v − ∇ v

A 2

. ( 4. 9)

I ntr o d u ci n g t h e t er m ∇ (Q h ∇ ϕ ), u si n g i n s e q u e n c e t h e tri a n gl e i n e q u alit y, t h e i n-
v er s e i n e q u alit y i n ( P 0 ) , ( P 3 ) , t h e pr oj e cti o n pr o p ert y of Q h , ( P 1 ) a n d ( P 2 ) , w e
g et

A 1 ≤ ∇ [Q h ∇ v − Q h ∇ ϕ ] + ∇ (Q h ∇ ϕ ) − ∇ ∇ ϕ

≤ C h − 1 Q h ∇ v − Q h ∇ ϕ + C h ∇ ϕ H 2 ( Ω )

≤ C h − 1 Q h (Q h ∇ v − ∇ ϕ ) + C h ∇ ϕ H 2 ( Ω )

≤ C h − 1 Q h ∇ I h ϕ − ∇ ϕ + C h ∇ ϕ H 2 ( Ω ) ≤ C h ϕ W . ( 4. 1 0)

T o e sti m at e A 2 , w e u s e t h e pr o p erti e s ( P 2 ) a n d ( P 0 ) :

A 2 ≤ Q h ∇ v − ∇ ϕ + ∇ ϕ − ∇ v ≤ C h 2 ϕ W + C h ϕ H 2 ( Ω ) . ( 4. 1 1)

T h e e sti m at e o n S B
D (ϕ ) f oll o w s fr o m ( 4. 74. 7 ) –( 4. 1 14. 1 1 ).
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• Li mi t- c o n f o r mi t y : f or ξ ∈ H 2 ( Ω) d × d a n d v ∈ X D ,0 ,

Ω

(H : B τ B ξ ) Π D v − B ξ : H B
D v d x

=
Ω

(H : B τ B ξ ) Π D v − B ξ : B ∇ (Q h ∇ v ) d x

B 1

−
Ω

B ξ : B S h ⊗ (Q h ∇ v − ∇ v ) d x

B 2

. ( 4. 1 2)

R e c all t h at v = Π D v a n d A = B τ B . Si n c e Q h ∇ v ∈ H 1
0 ( Ω), L e m m a A. 2A. 2 a p pli e d t o

(H : A ξ )v a n d a n i nt e gr ati o n- b y- p art s o n B ξ : B ∇ (Q h ∇ v ) = A ξ : ∇ (Q h ∇ v ) s h o w
t h at, f or a n y µ h ∈ N h = [( Q h ∇ − ∇ )( V h )] ⊥ ,

|B 1 | =
Ω

(H : A ξ )v d x +
Ω

Q h ∇ v · di v( A ξ ) d x

=
Ω

(Q h ∇ v − ∇ v ) · di v( A ξ ) d x

=
Ω

(Q h ∇ v − ∇ v ) · ( di v( A ξ ) − µ h ) d x

≤ Q h ∇ v − ∇ v di v( A ξ ) − µ h . ( 4. 1 3)

T a k e t h e i n fi m u m o v er all µ h ∈ N h . E sti m at e (4. 44. 4 ) a n d Pr o p ert y ( P 4 ) yi el d

|B 1 | ≤ C h H B
D v di v( A ξ ) H 1 ( Ω ) d . ( 4. 1 4)

L et ξ K d e n ot e t h e a v er a g e of ξ o v er K ∈ M . B y t h e m e s h r e g ul arit y a s s u m p-
ti o n, ξ − ξ K L 2 ( K ) d × d ≤ C h ξ H 1 ( K ) d × d ( s e e, e. g., [ 1 01 0 , L e m m a B. 6]). M or e o v er,
si n c e V h c o nt ai n s t h e pi e c e wi s e c o n st a nt f u n cti o n s, ∇ V h (K ) c o nt ai n s t h e c o n st a nt
v e ct or- v al u e d f u n cti o n s o n K a n d t h u s, b y t h e ort h o g o n alit y c o n diti o n i n ( P 5 ) , t h e
C a u c h y- S c h w ar z i n e q u alit y, t h e b o u n d e d n e s s of B a n d S h , a n d (4. 44. 4 ),

|B 2 | =
K ∈ M K

B τ B ξ : S h ⊗ (Q h ∇ v − ∇ v ) d x

=
K ∈ M K

(B τ B ξ − B τ B ξ K ) : S h ⊗ (Q h ∇ v − ∇ v ) d x

≤ C
K ∈ M

ξ − ξ K L 2 ( K ) Q h ∇ v − ∇ v L 2 ( K )

≤ C h ξ H 1 ( Ω ) d × d H B
D v . ( 4. 1 5)

Pl u g gi n g ( 4. 1 44. 1 4 ) a n d ( 4. 1 54. 1 5 ) i nt o ( 4. 1 24. 1 2 ) yi el d s

Ω

(H : B τ B ξ ) Π D v − B ξ : H B
D v d x

≤ C h di v( A ξ ) H 1 ( Ω ) d + ξ H 1 ( Ω ) d × d H B
D v .

B y t h e d e fi niti o n ( 3. 43. 4 ) of W B
D (ξ ), t hi s c o n cl u d e s t h e pr o of of t h e e sti m at e o n t hi s

q u a ntit y.
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4. 2. A g r a di e n t r e c o v e r y o p e r a t o r b a s e d o n bi o r t h o g o n al s y s t e m s. We
pr e s e nt h er e a p arti c ul ar c a s e of a m et h o d b a s e d o n a gr a di e nt r e c o v e r y o p er at or,
u si n g bi ort h o g o n al s y st e m s a s i n [ 2 12 1 ]. V h i s t h e c o nf or mi n g P 1 F E s p a c e o n a m e s h
of si m pli c e s, a n d I h i s t h e L a gr a n g e i nt er p ol ati o n wit h r e s p e ct t o v erti c e s of M .
We will b uil d a l o c all y c o m p ut a bl e pr oj e ct or Q h , t h at i s, s u c h t h at d et er mi ni n g
Q h f o n a c ell K o nl y r e q uir e s t h e k n o wl e d g e of f o n K a n d it s n ei g h b o uri n g c ell s.
L et B 1 : = { φ 1 , · · · , φn } b e t h e s et of b a si s f u n cti o n s of V h a s s o ci at e d wit h t h e i n n er
v erti c e s i n M . L et t h e s et B 2 : = { ψ 1 , · · · , ψn } b e t h e s et of di s c o nti n u o u s pi e c e wi s e
li n e ar f u n cti o n s bi ort h o g o n al t o B 1 al s o a s s o ci at e d wit h t h e i n n er v erti c e s of M , s o
t h at el e m e nt s of B 1 a n d B 2 s ati sf y t h e bi ort h o g o n alit y r el ati o n

Ω

ψ i φ j d x = c j δ i j , cj = 0 , 1 ≤ i, j ≤ n, ( 4. 1 6)

w h er e δ i j i s t h e Kr o n e c k e r s y m b ol a n d c j =
Ω

ψ j φ j d x . L et M h : = s p a n{ B 2 } . S u c h
bi ort h o g o n al s y st e m s h a v e b e e n c o n str u ct e d i n t h e c o nt e xt of m ort ar fi nit e el e m e nt s,
a n d l at er e xt e n d e d t o gr a di e nt r e c o v er y o p er at or s [ 1 61 6 , 1 81 8 , 2 12 1 ]. T h e b a si s f u n cti o n s
of M h c a n b e d e fi n e d o n a r ef er e n c e el e m e nt. F or e x a m pl e, f or t h e r ef er e n c e tri a n gl e,
w e h a v e

ψ 1 (x ) : = 3 − 4 x 1 − 4 x 2 , ψ 2 (x ) : = 4 x 1 − 1 , a n d ψ 3 (x ) : = 4 x 2 − 1 ,

a s s o ci at e d wit h it s t hr e e v erti c e s ( 0 , 0), ( 1 , 0) a n d ( 0 , 1), r e s p e cti v el y. F or t h e r ef e-
r e n c e t etr a h e dr o n, w e h a v e

ψ 1 (x ) : = 4 − 5 x 1 − 5 x 2 − 5 x 3 , ψ 2 (x ) : = 5 x 1 − 1 ,

ψ 3 (x ) : = 5 x 2 − 1 , a n d ψ 4 (x ) : = 5 x 3 − 1 ,

a s s o ci at e d wit h it s f o ur v erti c e s ( 0 , 0 , 0), ( 1 , 0 , 0), ( 0 , 1 , 0) a n d ( 0 , 0 , 1), r e s p e cti v el y.
T h e s e b a si s f u n cti o n s s ati sf y

d + 1

i = 1

ψ i = 1 . ( 4. 1 7)

T h e pr oj e cti o n o p er at or Q h : L 2 ( Ω) → V h i s t h e o bli q u e pr oj e ct or o nt o V h d e fi n e d
a s: f or f ∈ L 2 ( Ω), Q h f ∈ V h s ati s fi e s

Ω

(Q h f ) ψ h d x =
Ω

f ψ h d x , ∀ ψ h ∈ M h . ( 4. 1 8)

D u e t o t h e bi ort h o g o n alit y r el ati o n ( 4. 1 64. 1 6 ), Q h i s w ell- d e fi n e d a n d h a s t h e e x pli cit
r e pr e s e nt ati o n

Q h f =
n

i = 1

Ω
ψ i f d x

c i
φ i . ( 4. 1 9)

T h e r el ati o n ( 4. 1 84. 1 8 ) s h o w s M h ⊂ [(Q h − I )( L 2 ( Ω))] ⊥ . H e n c e, if M h s ati s fi e s t h e
a p pr o xi m ati o n pr o p ert y

i nf
α h ∈ M h

α h − ψ ≤ C h ψ H 1 ( Ω ) , ∀ ψ ∈ H 1 ( Ω) ,

w e k n o w t h at ( P 4 ) h ol d s. I n or d er t o g et t hi s a p pr o xi m ati o n pr o p ert y it i s s u ffi ci e nt
t h at t h e b a si s f u n cti o n s of M h r e pr o d u c e c o n st a nt f u n cti o n s. L et K ∈ M b e a n
i nt eri or el e m e nt n ot t o u c hi n g a n y b o u n d ar y v ert e x. D u e t o t h e pr o p ert y (4. 1 74. 1 7 )

d + 1

i = 1

ψ v i
= 1 o n K,
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w h er e { ψ v i
} d + 1

i = 1 ar e b a si s f u n cti o n s of M h a s s o ci at e d wit h t h e v e rti c e s ( v 1 , . . . , v d + 1 )
of K .
H o w e v er, t hi s pr o p ert y d o e s n ot h ol d o n K ∈ M if K h a s o n e or m or e v erti c e s
o n t h e b o u n d ar y. We n e e d t o m o dif y t h e pi e c e wi s e li n e ar b a si s f u n cti o n s of M h

t o g u ar a nt e e t h e a p pr o xi m ati o n pr o p ert y [ 1 91 9 , 1 71 7 ]. L et W h ⊂ H 1 ( Ω) b e t h e l o w e st
or d er F E s p a c e i n cl u di n g t h e b a si s f u n cti o n s o n t h e b o u n d ar y v erti c e s of M , a n d

l et M h t h e s p a c e s p a n n e d b y t h e di s c o nti n u o u s b a si s f u n cti o n s bi ort h o g o n al t o t h e

b a si s f u n cti o n s of W h . M h i s t h e n o bt ai n e d a s a m o di fi c ati o n of M h , b y m o vi n g
all v ert e x b a si s f u n cti o n s of t hi s l att er s p a c e t o n e ar b y i nt er n al v erti c e s u si n g t h e
f oll o wi n g t hr e e st e p s.

( 1) F or a b a si s f u n cti o n ψ k of M h a s s o ci at e d wit h a v ert e x v k o n t h e b o u n d ar y
w e fi n d a cl o s e st i nt e r n al tri a n gl e or t etr a h e dr o n K ∈ M (t h at i s, K d o e s
n ot h a v e a b o u n d ar y v ert e x).

( 2) C o m p ut e t h e b ar y c e ntri c c o or di n at e s { α K, i } d + 1
i = 1 of v k wit h r e s p e ct t o t h e

v erti c e s of K , a n d m o dif y all t h e b a si s f u n cti o n s { ψ K, i } d + 1
i = 1 of M h a s s o ci at e d

wit h K i nt o ψ K, i = ψ K, i + α K, i ψ k f or i = 1 , · · · , d + 1.

( 3) R e m o v e ψ k fr o m t h e b a si s of M h .

A n alt er n ati v e w a y i s t o m o dif y t h e b a si s f u n cti o n s of all tri a n gl e s or t etr a h e dr a
h a vi n g o n e or m or e b o u n d ar y v erti c e s a s pr o p o s e d i n [ 1 61 6 ].

( 1) If all v erti c e s { v i }
d + 1
i = 1 of a n el e m e nt K ∈ M ar e i n n er v erti c e s, t h e n t h e li n-

e ar b a si s f u n cti o n s { ψ v i }
d + 1
i = 1 of M h o n K ar e d e fi n e d u si n g t h e bi ort h o g o n al

r el ati o n s hi p ( 4. 1 64. 1 6 ) wit h t h e b a si s f u n cti o n s { φ v i }
d + 1
i = 1 of V h .

( 2) If a n el e m e nt K ∈ M h a s all b o u n d ar y v erti c e s, t h e n w e fi n d a n ei g h b o uri n g

el e m e nt K , w hi c h h a s at l e a st o n e i n n er v e rt e x v , a n d w e e xt e n d t h e s u p p ort
of t h e b a si s f u n cti o n ψ v ∈ M h a s s o ci at e d wit h v t o t h e el e m e nt K b y d e fi ni n g
ψ v = 1 o n K .

( 3) If a n el e m e nt K ∈ M h a s o nl y o n e i n n er v ert e x v a n d ot h er b o u n d ar y
v erti c e s, t h e n t h e b a si s f u n cti o n ψ v ∈ M h a s s o ci at e d wit h t h e i n n er v ert e x
v i s d e fi n e d a s ψ v = 1 o n K .

( 4) If a n el e m e nt K h a s t w o i n n er v erti c e s v 1 a n d v 2 a n d ot h er b o u n d ar y v er-
ti c e s, t h e n t h e b a si s f u n cti o n s ψ v 1

, ψv 2
∈ M h a s s o ci at e d wit h t h e s e p oi nt s

ar e c h o s e n t o s ati sf y t h e bi ort h o g o n al r el ati o n s hi p ( 4. 1 64. 1 6 ) wit h φ v 1 , φv 2 ∈ V h ,
a s w ell a s t h e pr o p ert y ψ v 1 + ψ v 2 = 1 o n K .

( 5) I n t h e t hr e e- di m e n si o n al c a s e, w e c a n h a v e a n el e m e nt K wit h t hr e e i n n er
v erti c e s { v i }

3
i = 1 a n d o n e b o u n d ar y v ert e x. I n t hi s c a s e w e d e fi n e t hr e e

b a si s f u n cti o n s { ψ v i
} 3

i = 1 t o s ati sf y t h e bi ort h o g o n al r el ati o n s hi p ( 4. 1 64. 1 6 ) wit h

{ φ v i
} 3

i = 1 a s w ell a s t h e c o n diti o n
3
i = 1 ψ v i

= 1 o n K .

T h e pr oj e cti o n Q h i s st a bl e i n L 2 a n d H 1 - n or m s [1 81 8 ], a n d h e n c e a s s u m pti o n ( P 1 )
f oll o w s. T o e st a bli s h ( P 2 ) , w e n e e d t h e f oll o wi n g m e s h a s s u m pti o n.

( M ) F or a n y v ert e x v , d e n oti n g b y M v t h e s et of c ell s h a vi n g v a s a v ert e x,

K ∈ M v

|K |

|S v |
(x K − v ) = O (h 2 ),

w h er e S v i s t h e s u p p ort of t h e b a si s f u n cti o n φ v of V h a s s o ci at e d wit h v .

T hi s a s s u m pti o n i s s ati s fi e d if t h e tri a n gl e s of t h e m e s h c a n b e p air e d i n s et s of t w o
t h at s h ar e a c o m m o n e d g e a n d f or m a n O (h 2 )- p ar all el o gr a m, t h at i s, t h e l e n gt h s of
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a n y t w o o p p o sit e e d g e s di ff er o nl y b y O (h 2 ). I n t hr e e di m e n si o n s, ( M ) i s s ati s fi e d if
t h e l e n gt h s of e a c h p air of o p p o sit e e d g e s of a gi v e n el e m e nt ar e all o w e d t o di ff er o nl y
b y O (h 2 ) [ 55 ]. T h e f oll o wi n g t h e or e m e st a bli s h e s ( P 2 ) wit h W = W 3 ,∞ ( Ω) ∩ H 2

0 ( Ω)
a n d c a n b e pr o v e d a s i n [ 3 03 0 , 1 81 8 ].

T h e o r e m 4. 5. L et u ∈ W 3 ,∞ ( Ω) ∩ H 2
0 ( Ω) . A s s u m e t h at t h e t ri a n g ul ati o n s ati s fi e s

t h e a s s u m pti o n ( M ) . T h e n

Q h ∇ I h u − ∇ u ≤ C h 2 u W 3 , ∞ ( Ω ) .

Si n c e Q h i s a pr oj e cti o n o nt o V h , Q h I h = I h . H e n c e, f or w ∈ H 2 ( Ω) ∩ H 1
0 ( Ω),

i ntr o d u ci n g Q h I h w = I h w a n d i n v o ki n g t h e H 1 - st a bilit y pr o p ert y of Q h [1 71 7 , L e m m a
1. 8] l e a d s t o

∇ Q h w − ∇ w ≤ ∇ Q h (w − I h w ) + ∇ I h w − ∇ w ≤ C ∇ I h w − ∇ w .

T h e st a n d ar d a p pr o xi m ati o n pr o p erti e s of V h t h e n g u ar a nt e e ( P 3 ) . T h e A s s u m p-
ti o n ( P 4 ) i s s ati s fi e d si n c e M h ⊂ N h (M h i s o bt ai n e d b y c o m bi ni n g f u n cti o n s i n

M h , t h at s ati s fi e s t hi s pr o p ert y) a n d t h e b a si s f u n cti o n s of M h l o c all y r e pr o d u c e
c o n st a nt f u n cti o n s. T o b uil d S h t h at s ati s fi e s ( P 5 ) , di vi d e e a c h tri a n gl e K ∈ M
i nt o f o ur e q u al tri a n gl e s u si n g t h e mi d- p oi nt s of e a c h si d e, a n d d e fi n e S h a s a
pi e c e wi s e c o n st a nt f u n cti o n a s d e s cri b e d i n Fi g ur e 11 . It c a n b e c h e c k e d t h at t hi s
f u n cti o n s ati s fi e s ( P 5 ) . A si mil ar c o n str u cti o n al s o w or k s o n t etr a h e dr a (i n w hi c h
c a s e S h |K i s e q u al t o 1 o n t h e f o ur s u b-t etr a h e dr a c o n str u ct e d ar o u n d t h e v erti c e s
of K , a n d − 4 i n t h e r e st of K ).

11

1

K

− 3

Fi g u r e 1. V al u e s of t h e st a bili s ati o n f u n cti o n S h i n si d e a c ell K .

5. Fi ni t e v o l u m e m e t h o d b a s e d o n ∆ - a d a p t e d di s c r e ti z a ti o n s

We c o n si d er h er e t h e fi nit e v ol u m e ( F V) s c h e m e fr o m [ 1 21 2 ] f or t h e bi h ar m o ni c pr o b-
l e m (2. 42. 4 ) o n ∆- a d a pt e d m e s h e s, t h at i s, m e s h e s t h at s ati sf y a n ort h o g o n alit y pr o p-
ert y.

D e fi ni ti o n 5. 1 ( ∆- a d a pt e d F V m e s h) . A g e n e r al m e s h T i s ∆ - a d a pt e d if

( 1 ) f o r all σ ∈ F i n t, d e n oti n g b y K, L ∈ M t h e c ell s s u c h t h at M σ = { K, L } ,
t h e st r ai g ht li n e (x K , x L ) i nt e r s e ct s a n d i s o rt h o g o n al t o σ ,

( 2 ) f o r all σ ∈ F e x t wit h M σ = { K } , t h e li n e o rt h o g o n al t o σ g oi n g t h r o u g h
x K i nt e r s e ct s σ .

F or s u c h a m e s h, w e l et D K, σ b e t h e c o n e wit h v ert e x x K a n d b a si s σ , a n d D σ =

K ∈ M σ
D K, σ . F or e a c h σ ∈ F i n t, a n ori e nt ati o n i s c h o s e n b y d e fi ni n g o n e of t h e

t w o u nit n or m al v e ct or s n σ , a n d w e d e n ot e b y K −
σ a n d K +

σ t h e t w o a dj a c e nt c o ntr ol
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v ol u m e s s u c h t h at n σ i s ori e nt e d fr o m K −
σ t o K +

σ . F or all σ ∈ F e x t , w e d e n ot e t h e
c o ntr ol v ol u m e K ∈ M s u c h t h at σ ∈ F K b y K σ a n d w e d e fi n e n σ b y n K, σ . We
t h e n s et

d σ =
di st( x K −

σ
, σ) + di st( x K +

σ
, σ) ∀ σ ∈ F i n t

di st( x K , σ) ∀ σ ∈ F e x t .
( 5. 1)

F or all K ∈ M , s et F K, i n t = F K ∩ F i n t a n d F K, e x t = F K ∩ F e x t . Fi n all y, w e d e fi n e
t h e m e s h r e g ul arit y f a ct or b y

θ T = m a x m a x
di a m( K )

di st( x K , σ)
,

d σ

di st( x K , σ)
; K ∈ M , σ ∈ F K .

We n o w d e fi n e a n oti o n of B – H e s si a n di s cr eti s ati o n f or B = t r ( ·)
√

d
I d, i n w hi c h c a s e

(2. 22. 2 ) c orr e s p o n d s t o t h e bi h ar m o ni c pr o bl e m ( 2. 42. 4 ), f or w hi c h t h e c o er ci vit y pr o p ert y
(2. 32. 3 ) h ol d s ( s e e S e cti o n 2. 1. 12. 1. 1 ).

D e fi ni ti o n 5. 2 (B – H e s si a n di s cr eti s ati o n b a s e d o n ∆- a d a pt e d di s cr eti s ati o n) . L et

B = t r ( ·)
√

d
I d a n d T b e a ∆ - a d a pt e d m e s h. A B – H e s si a n di s c r eti s ati o n i s gi v e n b y

D = ( X D ,0 , Π D , ∇ D , H B
D ) w h e r e

• X D ,0 i s t h e s p a c e of all r e al f a mili e s u D = ( u K ) K ∈ M , s u c h t h at u K = 0 f o r
all K ∈ M wit h F K, e x t = ∅ .

• F o r u D ∈ X D ,0 , Π D u D i s t h e pi e c e wi s e c o n st a nt f u n cti o n e q u al t o u K o n
t h e c ell K .

• T h e di s c r et e g r a di e nt ∇ D u D i s d e fi n e d b y it s c o n st a nt v al u e s o n t h e c ell s:

∇ K u D =
1

|K |
σ ∈ F K

|σ |(δ K, σ u D )( x σ − x K )

d σ
, ( 5. 2)

w h e r e

δ K, σ u D =
u L − u K ∀ σ ∈ F K, i n t , M σ = { K, L }
0 ∀ σ ∈ F K, e x t .

( 5. 3)

• T h e di s c r et e L a pl a c e o p e r at o r ∆ D i s d e fi n e d b y it s c o n st a nt v al u e s o n t h e
c ell s:

∆ K u D =
1

|K |
σ ∈ F K

|σ |δ K, σ u D

d σ
. ( 5. 4)

W e t h e n s et H B
D u D = ∆ D u D√

d
I d.

F or u D , vD ∈ X D ,0 ,

[u D , vD ] =
σ ∈ F

|σ |δ σ u D δ σ v D

d σ
( 5. 5)

d e fi n e s a n i n n er pr o d u ct o n X D ,0 , w h o s e a s s o ci at e d n or m i s d e n ot e d b y u D D .
H er e δ σ i s gi v e n b y

δ σ u D =
u K +

σ
− u K −

σ
∀ σ ∈ F i n t

0 ∀ σ ∈ F e x t .
( 5. 6)

It c a n e a sil y b e c h e c k e d t h at, wit h t hi s H e s si a n di s cr eti s ati o n, t h e H e s si a n s c h e m e
(2. 22. 2 ) i s t h e s c h e m e of [ 1 21 2 ] f or t h e bi h ar m o ni c e q u ati o n. L et u s e x a mi n e t h e pr o p-
erti e s of t hi s H e s si a n di s c r eti s ati o n.

T h e o r e m 5. 3. L et D b e a B – H e s si a n di s c r eti s ati o n i n t h e s e n s e of D e fi niti o n 5. 25. 2 .
T h e n t h e r e e xi st s a c o n st a nt C , d e p e n di n g o nl y o n o n θ ≥ θ T , s u c h t h at
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• C B
D ≤ C ,

• If ϕ ∈ C 2
c ( Ω) , ∆ ϕ ∈ H 1 ( Ω) a n d a > 0 i s s u c h t h at s u p p( ϕ ) ⊂ { x ∈

Ω ; di st( x , ∂Ω) > a } , t h e n

S B
D (ϕ ) ≤ C h ∆ ϕ H 1 ( Ω ) + C h ϕ C 2 ( Ω ) ×

| l n(a )|a − 3 / 2 if d = 2 ,
a − 5 / 3 if d = 3 .

( 5. 7)

• If ϕ ∈ H 2
0 ( Ω) ∩ C 2 (Ω) wit h ∆ ϕ ∈ H 1 ( Ω) , t h e n

S B
D (ϕ ) ≤ C h ∆ ϕ H 1 ( Ω ) + C ϕ C 2 ( Ω ) ×

h 1 / 4 | l n(h )| if d = 2 ,
h 3 / 1 3 if d = 3 .

( 5. 8)

• ∀ ξ ∈ H 2 ( Ω) d × d , W B
D (ξ ) ≤ C h tr( ξ ) H 2 ( Ω ) .

R e m a r k 5. 4. If t h e s ol uti o n u t o (2. 42. 4 ) b el o n g s t o H 4 ( Ω) ∩ H 2
0 ( Ω) , t h e n u ∈ C 2 (Ω)

a n d ∆ u ∈ H 2 ( Ω) . I n t h at c a s e, T h e o r e m s 3. 63. 6 a n d 5. 35. 3 p r o vi d e a n O (h 1 / 4 | l n(h )|) (i n
di m e n si o n d = 2 ) o r O (h 3 / 1 3 ) (i n di m e n si o n d = 3 ) e r r o r e sti m at e f o r t h e H e s si a n
s c h e m e b a s e d o n t h e H D f r o m D e fi niti o n 5. 25. 2 . T hi s sli g htl y i m p r o v e s t h e r e s ult of
[1 21 2 , T h e or e m 4. 3], i n w hi c h a n O (h 1 / 5 ) e sti m at e i s o bt ai n e d if u ∈ C 4 (Ω) ∩ H 2

0 ( Ω) .

A s f or t h e m et h o d b a s e d o n gr a di e nt r e c o v er y o p er at or s, t h e pr o p erti e s of t h e
H e s si a n di s cr eti s ati o n f oll o w fr o m t h e e sti m at e s i n T h e or e m 5. 35. 3 a n d fr o m R e m ar k
3. 43. 4 .

C o r oll a r y 5. 5. L et (D m ) m ∈ N b e a s e q u e n c e of B – H e s si a n di s c r eti s ati o n s i n t h e
s e n s e of D e fi niti o n 5. 25. 2 , a s s o ci at e d t o m e s h e s s u c h t h at h m → 0 a n d (θ T m

) m ∈ N i s
b o u n d e d. T h e n t h e s e q u e n c e (D m ) m ∈ N i s c o e r ci v e, c o n si st e nt a n d li mit- c o nf o r mi n g.
P r o of of T h e o r e m 5. 35. 3 .

• C o e r ci vi t y : t h e di s cr et e P oi n c ar é i n e q u alit y of [1 11 1 ] st at e s t h at

Π D v D ≤ di a m( Ω) v D D , ∀ v D ∈ X D ,0 . ( 5. 9)

L et u s fir st pr o v e t h at

−
Ω

Π D u D ∆ D v D d x = [ u D , vD ]D , uD , vD ∈ X D ,0 . ( 5. 1 0)

T h e d e fi niti o n s of Π D a n d ∆ D yi el d

−
Ω

Π D u D ∆ D v D d x =
K ∈ M

−| K |u K ∆ K v D = −
K ∈ M

u K

σ ∈ F K

|σ |δ K, σ v D

d σ
.

F or σ ∈ F e x t , δ K, σ v D = 0 . G at h eri n g t h e s u m s b y e d g e s a n d u si n g ( 5. 35. 3 ) a n d ( 5. 65. 6 ),
w e o bt ai n

−
Ω

Π D u D ∆ D v D d x =
K ∈ M

u K

σ ∈ F K , i n t

|σ |(v K − v L )

d σ
=

σ ∈ F i n t

|σ |δ σ u D δ σ v D

d σ
,

w hi c h e st a bli s h e s ( 5. 1 05. 1 0 ). C h o o si n g v D = u D , a p pl yi n g t h e C a u c h y – S c h w ar z i n-
e q u alit y a n d u si n g ( 5. 95. 9 ), w e g et

u D
2
D ≤ Π D u D ∆ D u D ≤ di a m( Ω) u D D ∆ D u D .

T h u s,
u D D ≤ di a m( Ω) ∆ D u D . ( 5. 1 1)

C o m bi ni n g ( 5. 95. 9 ) a n d ( 5. 1 15. 1 1 ), w e g et

Π D v D ≤ di a m( Ω) 2 ∆ D u D . ( 5. 1 2)
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T h e st a bilit y of t h e di s c r et e gr a di e nt [ 1 21 2 , L e m m a 4. 1] yi el d s

∇ D u D ≤ θ
√

d u D D ∀ u D ∈ X D ,0 .

E sti m at e ( 5. 1 15. 1 1 ) t h e n s h o w s t h at ∇ D u D ≤ di a m( Ω) θ
√

d ∆ D u D , w hi c h, t o g et h er
wit h ( 5. 1 25. 1 2 ), c o n cl u d e s t h e pr o of of t h e e sti m at e o n C B

D .

• C o n si s t e n c y – c o m p a c t s u p p o r t : T h e pr o of utili s e s t h e i d e a s of [1 21 2 ], wit h a
f e w i m pr o v e m e nt s of t h e e sti m at e s. F or s > 0 w e l et Ω s = { x ∈ Ω ; di st( x , ∂Ω) > s } .
I n t hi s pr o of, A B m e a n s t h at A ≤ C B f or s o m e c o n st a nt C d e p e n di n g o nl y o n
θ .
We fir st c o n si d er t h e c a s e w h er e ϕ ∈ C 2

c ( Ω) a n d ∆ ϕ ∈ H 1 ( Ω), wit h s u p p ort at
di st a n c e fr o m ∂ Ω e q u al t o or gr e at er t h a n a . A s i n [1 21 2 , Pr o of of L e m m a 4. 4], l et
ψ a ∈ C ∞

c ( Ω), e q u al t o 1 o n Ω 3 a / 4 , t h at v a ni s h e s o n Ω\ Ω a / 4 , a n d s u c h t h at, f or all

α ∈ N d , wit h |α | =
d
i = 1 α i ,

∂ α ψ a
L ∞ ( Ω ) a −| α |. ( 5. 1 3)

L etti n g ψ a
D = ( ψ a (x K )) K ∈ M , w e h a v e |∆ D ψ a

D | a − 2 . H e n c e, f or all r ∈ [ 1, ∞ ],
si n c e Ω \ Ω 2 a h a s m e a s ur e a ,

∆ D ψ a
D L r ( Ω ) a − 2 + 1

r . ( 5. 1 4)

L etti n g v = ( v K ) K ∈ M b e t h e s ol uti o n of t h e t w o- p oi nt fl u x a p pr o xi m ati o n fi nit e
v ol u m e s c h e m e wit h h o m o g e n e o u s Diri c hl et b o u n d ar y c o n diti o n s a n d s o ur c e t er m
− ∆ ϕ , b y [1 11 1 ] w e h a v e, wit h ϕ D = ( ϕ (x K )) K ∈ M ,

σ ∈ F

|σ |

d σ
(δ σ (v − ϕ D )) 2

1 / 2

h ϕ C 2 ( Ω ) ( 5. 1 5)

a n d, f or q ∈ [ 1, + ∞ ) if d = 2, q ∈ [ 1, 6] if d = 3,

K ∈ M

|K | |v K − ϕ (x K )|q
1 / q

q h ϕ C 2 ( Ω ) . ( 5. 1 6)

We t h e n s et w = ( ψ a (x K )v K ) K ∈ M , t h at b el o n g s t o X D ,0 if h ≤ a / 4. It i s pr o v e d
i n [1 21 2 , Pr o of of L e m m a 4. 4, p. 2 0 3 2] t h at, wit h [ ∆ϕ ]K = 1

|K | K
∆ ϕ d x ,

∆ K w − [ ∆ϕ ]K = ( v K − ϕ (x K )) ∆ K ψ a
D +

1

|K |
σ ∈ F K

|σ |

d σ
(δ K, σ ψ a

D )δ K, σ (v − ϕ D ),

= T 1 , K + T 2 , K . ( 5. 1 7)

U si n g H öl d e r’ s i n e q u alit y wit h e x p o n e nt s ( q, 2 q
q − 2 ), f or s o m e q > 2 a d mi s si bl e i n

(5. 1 65. 1 6 ), a n d r e c alli n g ( 5. 1 45. 1 4 ), w e h a v e

K ∈ M

|K | |T 1 , K |
2

1 / 2

q h a − 2 + q − 2
2 q ϕ C 2 ( Ω ) . ( 5. 1 8)

O n t h e ot h er h a n d, w e h a v e |δ K, σ ψ a
D | d σ a − 1 ( s e e [ 1 21 2 , Pr o of of L e m m a 4. 4]).

H e n c e, b y C a u c h y – S c h w ar z i n e q u alit y o n t h e s u m o v er t h e f a c e s, a n d u si n g t h e
e sti m at e σ ∈ F K

|σ |d σ |K |,

|T 2 , K |
2 a − 2

|K |2
σ ∈ F K

|σ | |δ K, σ (v − ϕ D )|

2
a − 2

|K |
σ ∈ F K

|σ |

d σ
(δ K, σ (v − ϕ D )) 2 .
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E sti m at e ( 5. 1 55. 1 5 ) t h u s l e a d s t o

K ∈ M

|K | |T 2 , K |
2

1 / 2

a − 1 h ϕ C 2 ( Ω ) . ( 5. 1 9)

D e n ot e b y [ ∆ ϕ ]D t h e pi e c e wi s e c o n st a nt f u n cti o n e q u al t o [ ∆ ϕ ]K o n K ∈ M .
T a ki n g t h e L 2 n or m of ( 5. 1 75. 1 7 ) a n d u si n g ( 5. 1 85. 1 8 ) a n d ( 5. 1 95. 1 9 ), w e arri v e at, si n c e

a − 1 a − 3
2 − 1

q ,

∆ D w − [ ∆ϕ ]D L 2 ( Ω ) q h a − 3
2 − 1

q ϕ C 2 ( Ω ) .

T a ki n g q = | l n(a )| if d = 2 or q = 6 if d = 3 s h o w s t h at

∆ D w − [ ∆ϕ ]D L 2 ( Ω ) h ϕ C 2 ( Ω ) ×
| l n(a )|a − 3 / 2 if d = 2 ,
a − 5 / 3 if d = 3 .

( 5. 2 0)

A cl a s si c al e sti m at e [ 1 01 0 , L e m m a B. 6] gi v e s

[ ∆ϕ ]D − ∆ ϕ L 2 ( Ω ) h ∆ ϕ H 1 ( Ω ) , ( 5. 2 1)

w hi c h s h o w s t h at ∆ D w − ∆ ϕ L 2 ( Ω ) i s b o u n d e d a b o v e b y t h e ri g ht- h a n d si d e of
(5. 75. 7 ). T h e e sti m at e s o n ∇ D w − ∇ ϕ a n d o n Π D w − ϕ f oll o w a s i n [1 21 2 , L e m m a 4. 4].

• C o n si s t e n c y – g e n e r a l c a s e : C o n si d er n o w ϕ ∈ H 2
0 ( Ω) ∩ C 2 (Ω), a n d t a k e ψ a

a s a b o v e. T h e b o u n d ar y c o n diti o n s o n ϕ s h o w t h at |ϕ (x )| ϕ C 2 ( Ω ) di st( x , ∂Ω) 2

a n d | ∇ϕ (x )| ϕ C 2 ( Ω ) di st( x , ∂Ω). H e n c e, u si n g ( 5. 1 35. 1 3 ), |Ω \ Ω a | a a n d t h e f a ct

t h at 1 − ψ a = 0 i n Ω a , w e s e e t h at, f or all α ∈ N d wit h |α | ≤ 2,

∂ α ϕ − ∂ α (ψ a ϕ ) L 2 ( Ω ) a 1 / 2 ϕ C 2 ( Ω ) . ( 5. 2 2)

Si n c e ∆ =
2
i = 1 ∂ 2

i , t h e a b o v e e sti m at e a p pli e s t o ∆ i n st e a d of ∂ α a n d, a s a
c o n s e q u e n c e,

[ ∆ϕ ]D − [ ∆(ψ a ϕ )] D L 2 ( Ω ) ≤ ∆ ϕ − ∆( ψ a ϕ ) L 2 ( Ω ) a 1 / 2 ϕ C 2 ( Ω ) . ( 5. 2 3)

C o n si d er n o w t h e i nt er p ol a nt w ∈ X D ,0 f or ψ a ϕ ∈ C 2
c ( Ω) c o n str u ct e d a b o v e. A p-

pl yi n g ( 5. 2 05. 2 0 ) t o ψ a ϕ i n st e a d of ϕ , n oti n g t h at ψ a ϕ C 2 ( Ω ) ϕ C 2 ( Ω ) ( c o n s e q u e n c e

of ( 5. 2 25. 2 2 )), a n d u si n g ( 5. 2 35. 2 3 ), w e o bt ai n

∆ D w − [ ∆ϕ ]D L 2 ( Ω ) a 1 / 2 ϕ C 2 ( Ω ) + h ϕ C 2 ( Ω ) ×
| l n(a )|a − 3 / 2 if d = 2 ,
a − 5 / 3 if d = 3 .

T a ki n g a = h 1 / 2 if d = 2 or a = h 6 / 1 3 if d = 3 l e a d s t o

∆ D w − [ ∆ϕ ]D L 2 ( Ω ) ϕ C 2 ( Ω ) ×
h 1 / 4 | l n(h )| if d = 2 ,
h 3 / 1 3 if d = 3 .

C o m bi n e d wit h ( 5. 2 15. 2 1 ) t hi s s h o w s t h at ∆ D w − ∆ ϕ L 2 ( Ω ) i s b o u n d e d a b o v e b y t h e
ri g ht- h a n d si d e of ( 5. 85. 8 ). T h e e sti m at e s o n Π D w − ϕ a n d ∇ D w − ∇ ϕ f oll o w i n a
si mil ar w a y.

• Li mi t- c o n f o r mi t y : F or ξ ∈ H B ( Ω) a n d v D ∈ X D ,0 , B = t r ( ·)
√

d
I d i m pli e s

Ω

(H : B τ B ξ ) Π D v D d x =
Ω

(B H : B ξ ) Π D v D d x =
Ω

∆ φ Π D v D d x ,

w h er e φ = tr( ξ ). Al s o, b y d e fi niti o n of H B
D ,

Ω

B ξ : H B
D v D d x =

Ω

φ ∆ D v D d x .
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T h u s, ( 3. 43. 4 ) c a n b e r e writt e n a s

W B
D (ξ ) =  m a x

v D ∈ X D , 0 \ { 0 }

1

H B
D v D Ω

∆ φ Π D v D − φ ∆ D v D d x , ( 5. 2 4)

w h er e φ = tr( ξ ). D e fi n e

δ σ φ =
φ (x K +

σ
) − φ (x K −

σ
) ∀ σ ∈ F i n t

φ (z σ ) − φ (x K σ ) ∀ σ ∈ F e x t ,
( 5. 2 5)

w h er e z σ i s t h e ort h o g o n al pr oj e cti o n of x K o n t h e h y p er pl a n e w hi c h c o nt ai n s σ.
F or ξ ∈ H 2 ( Ω) d × d , u si n g t h e di v er g e n c e t h e or e m,

Ω

∆ φ Π D v D d x =
K ∈ M K

∆ φ Π D v D d x =
K ∈ M σ ∈ F K

v K
σ

∇ φ · n K, σ d s (x ).

G at h eri n g o v er t h e e d g e s a n d u si n g t h e d e fi niti o n of δ σ , t hi s l e a d s t o

Ω

∆ φ Π D v D d x = −
σ ∈ F

δ σ v D
σ

∇ φ · n σ d s (x )

= −
σ ∈ F

δ σ v D
σ

δ σ φ

d σ
+ ∇ φ · n σ −

δ σ φ

d σ
d s (x )

= −
σ ∈ F

δ σ v D
δ σ φ |σ |

d σ
+

σ ∈ F

δ σ v D
σ

δ σ φ

d σ
− ∇ φ · n σ d s (x ). ( 5. 2 6)

Si n c e δ σ v D = 0 f or a n y σ ∈ F e x t , (5. 2 55. 2 5 ), ( 5. 35. 3 ) a n d ( 5. 45. 4 ) i m pl y

−
σ ∈ F

δ σ v D
δ σ φ |σ |

d σ
= −

σ ∈ F i n t

|σ |

d σ
δ σ v D φ (x +

K σ
) − φ (x −

K σ
)

=
K ∈ M

φ (x K )
σ ∈ F K

|σ |

d σ
δ K, σ v D =

K ∈ M

|K |φ (x K ) ∆ K v D .

S u b stit uti n g t hi s i n ( 5. 2 65. 2 6 ), w e o bt ai n

Ω

∆ φ Π D v D d x =
K ∈ M

|K |φ (x K ) ∆ K v D

+
σ ∈ F

δ σ v D
σ

δ σ φ

d σ
− ∇ φ · n σ d s (x ).

( 5. 2 7)

T o d e al wit h t h e fir st t er m, w e fir st c o m bi n e t h e t w o e sti m at e s i n [ 1 01 0 , L e m m a 7. 6 1]
t o s e e t h at

|φ (x K ) − φ (y )| ≤ C h |K |− 1 / 2 φ H 2 ( K ) , ∀ y ∈ K.
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H e n c e, u si n g t h e C a u c h y – S c h w ar z i n e q u alit y,

K ∈ M

|K |φ (x K ) ∆ K v D −
Ω

φ ∆ D v D d x

=
K ∈ M

|K | φ (x K ) −
1

|K | K

φ (y ) d y ∆ K v D

≤ C h φ H 2 ( Ω )

K ∈ M

|K ||∆ K v D |2
1 / 2

= C h φ H 2 ( Ω ) ∆ D v D . ( 5. 2 8)

T ur ni n g t o t h e s e c o n d t er m i n t h e ri g ht- h a n d si d e of ( 5. 2 75. 2 7 ), w e n oti c e t h at t h e
e sti m at e o n t h e t er m s R K, σ i n [1 11 1 , Pr o of of T h e or e m 3. 4] s h o w t h at

δ σ φ

d σ
− ∇ φ · n σ ≤ C h

|σ |
√

d σ

H φ L 2 ( ∪ L ∈ M σ L ) d × d .

H e n c e, b y t h e C a u c h y – S c h w ar z i n e q u alit y, w e h a v e

σ ∈ F

δ σ v D
σ

δ σ φ

d σ
− ∇ φ · n σ d s (x ) ≤ C h H φ

σ ∈ F

|σ |

d σ
(δ σ v D ) 2

1 / 2

= C h φ H 2 ( Ω ) v D D ≤ C h di a m( Ω) φ H 2 ( Ω ) ∆ D v D , ( 5. 2 9)

w h er e w e h a v e u s e d ( 5. 1 15. 1 1 ) i n t h e l a st li n e. Pl u g gi n g ( 5. 2 85. 2 8 ) a n d ( 5. 2 95. 2 9 ) i nt o ( 5. 2 75. 2 7 ),
w e o bt ai n

Ω

∆ φ Π D v D d x −
Ω

φ ∆ D v D d x ≤ C h φ H 2 ( Ω ) ∆ D v D ,

a n d t h e e sti m at e o n W D (ξ ) t h e n f oll o w s fr o m ( 5. 2 45. 2 4 ), r e c alli n g t h at φ = tr( ξ ).

R e m a r k 5. 6. T h e s a m e a n al y si s al s o p r o b a bl y a p pli e s t o t h e s e c o n d m et h o d p r e-
s e nt e d i n [1 21 2 , S e cti o n 5], w hi c h i s a p pli c a bl e o n g e n e r al p ol y g o n al m e s h e s.

6. N u m e ri c a l r e s u l t s

I n t hi s s e cti o n, w e pr e s e nt t h e r e s ult s of s o m e n u m eri c al e x p eri m e nt s f or t h e gr a di e nt
r e c o v er y ( G R) m et h o d a n d fi nit e v ol u m e ( F V) m et h o d pr e s e nt e d i n S e cti o n s 44 a n d
55 . All t h e s e t e st s ar e c o n d u ct e d o n t h e bi h ar m o ni c pr o bl e m ∆2 u = f o n Ω = ( 0 , 1) 2 ,
wit h cl a m p e d b o u n d ar y c o n diti o n s a n d f or v ari o u s e x a ct s ol uti o n s u .

6. 1. N u m e ri c al r e s ul t s f o r G r a di e n t R e c o v e r y m e t h o d. T hr e e e x a m pl e s ar e
pr e s e nt e d t o ill u str at e t h e t h e or eti c al e sti m at e s of T h e or e m 3. 63. 6 o n t h e H e s si a n
di s cr eti s ati o n d e s cri b e d i n S e cti o n 4. 24. 2 . T h e c o n si d e r e d F E s p a c e V h i s t h er ef or e t h e
c o nf or mi n g P 1 s p a c e, a n d t h e i m pl e m e nt ati o n w a s d o n e f oll o wi n g t h e i d e a s i n [ 2 02 0 ].
T h e f oll o wi n g r el ati v e err or s, a n d r el at e d or d er s of c o n v er g e n c e, i n L 2 ( Ω), H 1 ( Ω)
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a n d H 2 ( Ω) n or m s ar e pr e s e nt e d:

err D (u ) : =
Π D u D − u

u
, err (∇ u ) : =

∇ u D − ∇ u

∇ u

err D (∇ u ) : =
∇ D u D − ∇ u

∇ u
=

Q h ∇ u D − ∇ u

∇ u
,

err D (H u ) : =
H B

D u D − H u

H u
=

∇ (Q h ∇ u D ) − H u

H u
,

w h er e u D i s t h e s ol uti o n t o t h e H e s si a n s c h e m e (3. 13. 1 ).
We pr o vi d e i n T a bl e 11 t h e m e s h d at a: m e s h si z e s h , n u m b er s of u n k n o w n s (t h at
i s, t h e n u m b er of i nt e r n al v erti c e s) n u , a n d n u m b er s of n o n- z er o t er m s n n z i n t h e
s q u ar e m atri x of t h e s y st e m.

T a b l e 1. ( G R ) M e s h si z e, n u m b e r of u n k n o w n s a n d n u m b e r of n o n-
z e r o t e r m s i n t h e s q u a r e m a t ri x

h n u n n z

0. 1 7 6 7 7 7 9 7 9

0. 0 8 8 3 8 8 4 9 1 2 0 3
0. 0 4 4 1 9 4 2 2 5 7 0 1 1
0. 0 2 2 0 9 7 9 6 1 3 2 8 3 5
0. 0 1 1 0 4 9 3 9 6 9 1 4 1 3 1 5

0. 0 0 5 5 2 4 1 6 1 2 9 5 8 5 6 0 3

6. 1. 1. E x a m pl e 1. T h e e x a ct s ol uti o n i s c h o s e n t o b e u (x, y ) = x 2 (x − 1) 2 y 2 (y − 1) 2 .
T o a s s e s s t h e e ff e ct of t h e st a bili s ati o n f u n cti o n S h o n t h e r e s ult s, w e m ulti pl y it
b y a f a ct or r t h at t a k e s t h e v al u e s 0. 1, 1, 1 0, a n d 1 0 0.
T h e err or s a n d or d er s of c o n v er g e n c e f or t h e n u m eri c al a p pr o xi m ati o n t o u ar e
s h o w n i n T a bl e s 22 – 55 . It c a n b e s e e n t h at t h e r at e of c o n v er g e n c e i s q u a dr ati c i n
L 2 - n or m a n d li n e ar i n H 1 - n or m ( s e e err (∇ u )). H o w e v er, u si n g gr a di e nt r e c o v er y
o p er at or, a q u a dr ati c or d er of c o n v er g e n c e i n H 1 n or m i s r e c o v er e d ( s e e err D (∇ u )).
T h e r at e of c o n v er g e n c e i n e n er g y n or m i s li n e ar ( s e e err D (H u )), a s e x p e ct e d b y
pl u g gi n g t h e e sti m at e s of T h e or e m 4. 34. 3 i nt o T h e or e m 3. 63. 6 . We al s o n oti c e a v er y
s m all e ff e ct of r o n t h e r el ati v e err or s a n d r at e s.

T a b l e 2. ( G R ) C o n v e r g e n c e r e s ul t s f o r t h e r el a ti v e e r r o r s, E x a m pl e 1,
r = 0 .1

n u err D ( u ) O r d e r err ( ∇ u ) O r d e r err D ( ∇ u ) O r d e r err D ( H u ) O r d e r

9 9. 2 7 4 7 0 2 - 3 1. 5 9 1 9 0 6 - 0. 5 6 8 3 3 8 - 0. 5 9 5 6 3 5 -

4 9 0. 2 2 0 0 9 5 5. 3 9 7 1 0. 6 8 2 9 2 2 5. 5 3 1 7 0. 1 6 4 1 0 5 1. 7 9 2 1 0. 2 6 6 9 2 7 1. 1 5 8 0
2 2 5 0. 0 6 6 9 9 7 1. 7 1 6 0 0. 2 0 1 2 8 2 1. 7 6 2 5 0. 0 4 9 3 9 5 1. 7 3 2 2 0. 1 2 8 4 1 0 1. 0 5 5 7

9 6 1 0. 0 1 9 1 3 5 1. 8 0 7 9 0. 0 8 8 8 0 5 1. 1 8 0 5 0. 0 1 3 6 9 7 1. 8 5 0 5 0. 0 6 2 1 6 4 1. 0 4 6 6

3 9 6 9 0. 0 0 5 1 3 3 1. 8 9 8 3 0. 0 4 0 8 4 5 1. 1 2 0 5 0. 0 0 3 6 2 3 1. 9 1 8 5 0. 0 3 0 4 5 7 1. 0 2 9 3
1 6 1 2 9 0. 0 0 1 3 3 1 1. 9 4 7 4 0. 0 1 9 4 2 2 1. 0 7 2 4 0. 0 0 0 9 3 3 1. 9 5 6 8 0. 0 1 5 0 5 9 1. 0 1 6 1

6. 1. 2. E x a m pl e 2. We c o n si d er h er e t h e tr a n s c e n d e nt al e x a ct s ol uti o n u = x 2 (x −
1) 2 y 2 (y − 1) 2 ( c o s( 2 π x ) + si n( 2 π y )), a n d r = 0 .1 , 1 a n d 1 0. T a bl e s 66 – 88 pr e s e nt s t h e
n u m eri c al r e s ult s. T h e s a m e c o m m e nt s a s i n E x a m pl e 1 c a n b e m a d e a b o ut t h e
r at e s of c o n v er g e n c e. P a st t h e c o ar s e st m e s h e s, w e al s o n oti c e a s i n E x a m pl e 1 t h at
r o nl y h a s a s m all i m p a ct o n t h e r el ati v e err or s.
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Table 3. (GR) Convergence results for the relative errors, Example 1,
r = 1

nu errD(u) Order err(ru) Order errD(ru) Order errD(Hu) Order

9 1.050930 - 3.254044 - 0.567670 - 0.582647 -
49 0.214195 2.2947 0.482686 2.7531 0.167145 1.7640 0.267188 1.1248
225 0.067498 1.6660 0.200108 1.2703 0.049952 1.7425 0.128511 1.0560

961 0.019240 1.8107 0.088667 1.1743 0.013806 1.8553 0.062184 1.0473
3969 0.005156 1.8999 0.040835 1.1186 0.003646 1.9209 0.030460 1.0296
16129 0.001336 1.9482 0.019421 1.0722 0.000938 1.9581 0.015060 1.0162

Table 4. (GR) Convergence results for the relative errors, Example 1,
r = 10

nu errD(u) Order err(ru) Order errD(ru) Order errD(Hu) Order

9 0.661894 - 0.778521 - 0.583641 - 0.586174 -
49 0.236529 1.4846 0.449484 0.7925 0.195127 1.5807 0.274030 1.0970
225 0.072610 1.7038 0.197892 1.1836 0.055493 1.8140 0.129911 1.0768

961 0.020303 1.8385 0.088413 1.1624 0.014907 1.8963 0.062418 1.0575
3969 0.005382 1.9154 0.040804 1.1156 0.003877 1.9429 0.030494 1.0335
16129 0.001387 1.9564 0.019417 1.0714 0.000990 1.9695 0.015064 1.0174

Table 5. (GR) Convergence results for the relative errors, Example 1,
r = 100

nu errD(u) Order err(ru) Order errD(ru) Order errD(Hu) Order

9 0.784444 - 0.805690 - 0.701021 - 0.695247 -

49 0.409420 0.9381 0.456340 0.8201 0.386868 0.8576 0.408281 0.7680
225 0.123166 1.7330 0.199370 1.1947 0.108498 1.8342 0.157333 1.3757
961 0.031509 1.9667 0.088447 1.1726 0.026358 2.0414 0.066443 1.2436
3969 0.007812 2.0121 0.040790 1.1166 0.006356 2.0521 0.031019 1.0990

16129 0.001934 2.0139 0.019414 1.0711 0.001552 2.0340 0.015130 1.0357

Table 6. (GR) Convergence results for the relative errors, Example 2,
r = 0:1

nu errD(u) Order err(ru) Order errD(ru) Order errD(Hu) Order

9 89.040689 - 183.461721 - 1.211097 - 1.614525 -

49 0.825060 6.7538 3.401374 5.7532 0.235295 2.3638 0.501568 1.6866

225 0.076841 3.4246 0.337917 3.3314 0.050832 2.2107 0.172310 1.5414
961 0.017830 2.1076 0.114315 1.5637 0.013579 1.9044 0.079638 1.1135

3969 0.004565 1.9655 0.052228 1.1301 0.003638 1.9002 0.039166 1.0239
16129 0.001168 1.9662 0.025518 1.0333 0.000949 1.9391 0.019457 1.0093

6.1.3. Example 3. Here, u(x; y) = x3y3(1�x)3(1�y)3(ex sin(2�x)+cos(2�x)) and
r = 0:1; 1 and 10. The results presented in Tables 99{1111 are similar to those obtained
for Examples 1 and 2.

6.2. Numerical results for FVM. In this section, we present numerical results
based on the �nite volume method presented in Section 55. As noticed, this scheme
requires only one unknown per cell, and is therefore easy to implement and com-
putationally cheap. The schemes were �rst tested on a series of regular triangular
meshes (mesh1 family) and then on square meshes (mesh2 family), both taken from
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T a b l e 7. ( G R ) C o n v e r g e n c e r e s ul t s f o r t h e r el a ti v e e r r o r s, E x a m pl e 2,
r = 1

n u err D ( u ) O r d e r err ( ∇ u ) O r d e r err D ( ∇ u ) O r d e r err D ( H u ) O r d e r

9 1 0. 2 2 2 6 6 7 - 1 9. 3 7 6 8 8 3 - 1. 0 5 8 0 4 8 - 1. 3 3 3 7 2 0 -
4 9 0. 4 7 5 9 7 3 4. 4 2 4 7 1. 4 6 7 3 1 6 3. 7 2 3 1 0. 2 2 9 1 7 6 2. 2 0 6 9 0. 4 7 3 2 3 3 1. 4 9 4 8
2 2 5 0. 0 7 4 3 9 9 2. 6 7 7 5 0. 3 1 3 3 9 7 2. 2 2 7 1 0. 0 5 0 7 5 5 2. 1 7 4 8 0. 1 7 0 4 7 7 1. 4 7 3 0

9 6 1 0. 0 1 7 7 1 1 2. 0 7 0 6 0. 1 1 2 8 0 6 1. 4 7 4 2 0. 0 1 3 5 9 1 1. 9 0 0 9 0. 0 7 9 5 5 2 1. 0 9 9 6
3 9 6 9 0. 0 0 4 5 4 7 1. 9 6 1 5 0. 0 5 2 1 6 2 1. 1 1 2 8 0. 0 0 3 6 4 0 1. 9 0 0 6 0. 0 3 9 1 6 2 1. 0 2 2 4
1 6 1 2 9 0. 0 0 1 1 6 4 1. 9 6 5 7 0. 0 2 5 5 1 5 1. 0 3 1 7 0. 0 0 0 9 4 9 1. 9 3 9 3 0. 0 1 9 4 5 6 1. 0 0 9 2

T a b l e 8. ( G R ) C o n v e r g e n c e r e s ul t s f o r t h e r el a ti v e e r r o r s, E x a m pl e 2,
r = 1 0

n u err D ( u ) O r d e r err ( ∇ u ) O r d e r err D ( ∇ u ) O r d e r err D ( H u ) O r d e r

9 1. 4 1 3 1 2 2 - 2. 5 4 1 1 4 3 - 0. 8 4 5 3 6 5 - 0. 8 9 4 5 0 4 -
4 9 0. 3 1 3 4 2 5 2. 1 7 2 7 0. 8 7 8 7 5 2 1. 5 3 1 9 0. 2 2 5 2 4 7 1. 9 0 8 1 0. 3 9 6 7 2 5 1. 1 7 2 9
2 2 5 0. 0 6 6 8 4 2 2. 2 2 9 3 0. 2 6 2 3 5 4 1. 7 4 3 9 0. 0 5 1 7 5 7 2. 1 2 1 7 0. 1 6 5 5 4 6 1. 2 6 0 9

9 6 1 0. 0 1 6 8 9 7 1. 9 8 4 0 0. 1 0 9 7 9 4 1. 2 5 6 7 0. 0 1 3 7 8 3 1. 9 0 8 9 0. 0 7 9 3 1 1 1. 0 6 1 6
3 9 6 9 0. 0 0 4 3 7 6 1. 9 4 9 2 0. 0 5 2 0 1 2 1. 0 7 7 9 0. 0 0 3 6 7 5 1. 9 0 7 2 0. 0 3 9 1 4 9 1. 0 1 8 5
1 6 1 2 9 0. 0 0 1 1 2 3 1. 9 6 2 1 0. 0 2 5 5 0 6 1. 0 2 8 0 0. 0 0 0 9 5 6 1. 9 4 2 5 0. 0 1 9 4 5 5 1. 0 0 8 8

T a b l e 9. ( G R ) C o n v e r g e n c e r e s ul t s f o r t h e r el a ti v e e r r o r s, E x a m pl e 3,
r = 0 .1

n u err D ( u ) O r d e r err ( ∇ u ) O r d e r err D ( ∇ u ) O r d e r err D ( H u ) O r d e r

9 8 1. 8 0 4 1 7 3 - 1 6 4. 3 5 8 3 0 0 - 1. 0 6 8 6 8 2 - 1. 1 5 5 2 6 6 -
4 9 0. 6 7 7 7 4 3 6. 9 1 5 3 2. 3 5 8 2 0 9 6. 1 2 3 0 0. 2 3 2 3 7 4 2. 2 0 1 3 0. 5 1 7 0 9 5 1. 1 5 9 7
2 2 5 0. 0 9 3 3 4 0 2. 8 6 0 2 0. 4 4 7 1 4 3 2. 3 9 8 9 0. 0 4 8 7 0 1 2. 2 5 4 4 0. 2 0 7 6 4 2 1. 3 1 6 3

9 6 1 0. 0 1 7 1 3 0 2. 4 4 5 9 0. 1 2 5 2 9 6 1. 8 3 5 4 0. 0 1 0 3 6 1 2. 2 3 2 8 0. 0 8 4 7 1 9 1. 2 9 3 3
3 9 6 9 0. 0 0 3 9 7 5 2. 1 0 7 4 0. 0 5 3 9 4 1 1. 2 1 5 9 0. 0 0 2 6 4 3 1. 9 7 1 1 0. 0 4 1 1 9 7 1. 0 4 0 1
1 6 1 2 9 0. 0 0 0 9 8 2 2. 0 1 6 7 0. 0 2 6 4 5 7 1. 0 2 7 8 0. 0 0 0 6 9 2 1. 9 3 4 1 0. 0 2 0 5 2 9 1. 0 0 4 9

T a b l e 1 0. ( G R ) C o n v e r g e n c e r e s ul t s f o r t h e r el a ti v e e r r o r s, E x a m pl e
3, r = 1

n u err D ( u ) O r d e r err ( ∇ u ) O r d e r err D ( ∇ u ) O r d e r err D ( H u ) O r d e r

9 8. 7 0 8 3 9 5 - 1 6. 9 9 0 9 6 5 - 0. 9 5 0 5 9 0 - 0. 9 9 0 4 5 5 -
4 9 0. 5 1 6 9 0 4 4. 0 7 4 4 1. 4 9 0 0 4 6 3. 5 1 1 3 0. 2 2 4 8 7 7 2. 0 7 9 7 0. 4 9 2 5 5 5 1. 0 0 7 8

2 2 5 0. 0 8 9 3 3 2 2. 5 3 2 6 0. 4 1 4 2 4 3 1. 8 4 6 8 0. 0 4 8 0 5 6 2. 2 2 6 3 0. 2 0 3 3 0 1 1. 2 7 6 7
9 6 1 0. 0 1 6 9 2 0 2. 4 0 0 5 0. 1 2 2 3 1 5 1. 7 5 9 9 0. 0 1 0 3 4 9 2. 2 1 5 3 0. 0 8 4 4 4 1 1. 2 6 7 6
3 9 6 9 0. 0 0 3 9 5 3 2. 0 9 7 5 0. 0 5 3 8 1 3 1. 1 8 4 6 0. 0 0 2 6 4 6 1. 9 6 7 8 0. 0 4 1 1 8 6 1. 0 3 5 8

1 6 1 2 9 0. 0 0 0 9 7 8 2. 0 1 5 3 0. 0 2 6 4 5 2 1. 0 2 4 6 0. 0 0 0 6 9 3 1. 9 3 3 7 0. 0 2 0 5 2 8 1. 0 0 4 5

[1 51 5 ]. T o e n s ur e t h e c orr e ct ort h o g o n alit y pr o p ert y ( s e e D e fi niti o n 5. 15. 1 ), t h e p oi nt
x K ∈ K i s c h o s e n a s t h e cir c u m c e nt er of K if K i s a tri a n gl e, or t h e c e nt er of m a s s
of K if K i s a r e ct a n gl e. A s a r e s ult, f or tri a n g ul ar m e s h e s, t h e L 2 err or, err D (u ),
i s c al c ul at e d u si n g a s k e w e d mi d p oi nt r ul e, w h er e w e c o n si d er t h e cir c u m c e nt er of
e a c h c ell i n st e a d of it s c e nt er of m a s s. We d e n ot e t h e r el ati v e H 2 err or b y

err D ( ∆ u ) : =
∆ D u D − ∆ u

∆ u
.
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Table 11. (GR) Convergence results for the relative errors, Example
3, r = 10

nu errD(u) Order err(ru) Order errD(ru) Order errD(Hu) Order

9 1.097695 - 2.068091 - 0.809189 - 0.792818 -
49 0.351280 1.6438 0.969172 1.0935 0.205661 1.9762 0.409436 0.9533
225 0.073936 2.2483 0.306858 1.6592 0.046151 2.1558 0.186959 1.1309

961 0.015689 2.2365 0.113622 1.4333 0.010414 2.1478 0.083455 1.1637
3969 0.003756 2.0624 0.053444 1.0882 0.002689 1.9535 0.041142 1.0204
16129 0.000935 2.0068 0.026437 1.0155 0.000705 1.9309 0.020526 1.0032

The H1 and H2 errors (errD(ru) and errD(�u)) are computed using the usual
midpoint rule. For comparsion with the gradient recovery method (see Table 11), the
details of mesh size h, number of unknowns nu and the number of non-zero terms
in the system square matrix nnz for the �nite volume method are also provided in
the following tables.

6.2.1. Example 1. In the �rst example, we choose the right hand side load function
f such that the exact solution is given by u(x; y) = x2y2(1�x)2(1� y)2. Tables 1212
and 1313 show the relative errors and order of convergence rates for the variable uD
on triangular and square grids. As seen in the table, we obtain linear (in H1-like
norm) and sub-linear convergence rates (in H2-like norm) for triangular grids, and
quadratic order of convergence for square grids. This behaviour has already been
observed in [1212]. With respect to L2 norm, quadratic (or slightly better) order
of convergence is obtained. These numerical order of convergence are better than
the orders of convergences from the theoretical analysis, see Remark 5.45.4. This is
somehow expected as, due to the di�culty of �nding a proper interpolant for this
very low-order method [1212], the theoretical rates are much below than the actual
rates.

Table 12. (FV) Convergence results, Example 1, triangular grids
(mesh1 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.250000 56 392 0.137345 - 0.256342 - 0.162222 -
0.125000 224 1896 0.031705 2.1150 0.131915 0.9585 0.071457 1.1828

0.062500 896 8264 0.007400 2.0991 0.066136 0.9961 0.038596 0.8886
0.031250 3584 34440 0.001691 2.1297 0.033067 1.0000 0.022662 0.7682

0.015625 14336 140552 0.000352 2.2644 0.016528 1.0005 0.014158 0.6786

0.007813 57344 567816 0.000056 2.6449 0.008262 1.0004 0.009281 0.6092

Table 13. (FV) Convergence results, Example 1, square grids (mesh2 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.353553 16 56 0.328639 - 0.417244 - 0.260189 -

0.176777 64 472 0.081325 2.0147 0.107484 1.9568 0.062624 2.0548

0.088388 256 2552 0.020161 2.0121 0.026808 2.0034 0.015430 2.0210
0.044194 1024 11704 0.005028 2.0035 0.006694 2.0018 0.003842 2.0057
0.022097 4096 49976 0.001256 2.0009 0.001673 2.0005 0.000960 2.0015

0.011049 16384 206392 0.000314 2.0002 0.000418 2.0001 0.000240 2.0004
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6.2.2. Example 2. In this example, we perform the numerical experiment for the
exact solution given by u(x; y) = x2y2(1 � x)2(1 � y)2(cos(2�x) + sin(2�y)). The
errors in the energy norm, H1 norm and the L2 norm, together with their orders
of convergence, are presented in Tables 1414 and 1515. The results are similar to those
for Example 1.

Table 14. (FV) Convergence results, Example 2, triangular grids
(mesh1 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.250000 56 392 0.418276 - 0.533799 - 0.274105 -

0.125000 224 1896 0.075761 2.4649 0.204870 1.3816 0.101375 1.4350
0.062500 896 8264 0.013663 2.4712 0.093729 1.1281 0.044254 1.1958

0.031250 3584 34440 0.003218 2.0862 0.046056 1.0251 0.021933 1.0127
0.015625 14336 140552 0.000784 2.0365 0.022932 1.0060 0.011500 0.9315

0.007813 57344 567816 0.000191 2.0414 0.011454 1.0015 0.006323 0.8630

Table 15. (FV) Convergence results, Example 2, square grids (mesh2 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.353553 16 56 1.333981 - 0.745194 - 0.773521 -
0.176777 64 472 0.223384 2.5781 0.135128 2.4633 0.175192 2.1425

0.088388 256 2552 0.050527 2.1444 0.030239 2.1599 0.042123 2.0563
0.044194 1024 11704 0.012331 2.0347 0.007339 2.0427 0.010416 2.0158
0.022097 4096 49976 0.003065 2.0086 0.001821 2.0109 0.002597 2.0041

0.011049 16384 206392 0.000765 2.0021 0.000454 2.0027 0.000649 2.0010

6.2.3. Example 3. The numerical results obtained for u(x; y) = x3y3(1 � x)3(1 �
y)3(exp(x) sin(2�x) + cos(2�x)) are shown in Tables 1616 and 1717 respectively. As
in Examples 1 and 2, the theoretical rates of convergence are con�rmed by these
numerical outputs, except that on this test a real linear order of convergence is
attained in the H2-like norm.

Table 16. (FV) Convergence results, Example 3, triangular grids
(mesh1 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.250000 56 392 0.637895 - 0.825992 - 0.423933 -

0.125000 224 1896 0.050763 3.6515 0.220328 1.9065 0.096604 2.1337
0.062500 896 8264 0.013330 1.9291 0.097939 1.1697 0.045854 1.0750

0.031250 3584 34440 0.003160 2.0765 0.047945 1.0305 0.021417 1.0983
0.015625 14336 140552 0.000786 2.0084 0.023857 1.0070 0.010550 1.0215

0.007813 57344 567816 0.000196 2.0016 0.011914 1.0017 0.005257 1.0049

Comparing Table 11 and the Tables for FV, we see that the GR method based on
biorthogonal reconstruction has only few unknowns (number of internal vertices)
but leads to a large stencil for each of them whereas the FV has more unknowns
(number of cells) but produces a much sparser matrix. Looking for example at
the �nest GR mesh and the �nest triangular FV mesh, we notice that the meshes
have similar sizes h and the matrices have similar complexity nnz, but the FV
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Table 17. (FV) Convergence results, Example 3, square grids (mesh2 family)

h nu nnz errD(u) Order errD(ru) Order errD(�u) Order

0.353553 16 56 2.478402 - 1.405462 - 1.140625 -
0.176777 64 472 0.242959 3.3506 0.113945 3.6246 0.196693 2.5358

0.088388 256 2552 0.050784 2.2583 0.022495 2.3406 0.049149 2.0007
0.044194 1024 11704 0.012212 2.0561 0.005577 2.0120 0.012217 2.0083
0.022097 4096 49976 0.003025 2.0133 0.001396 1.9982 0.003049 2.0026

0.011049 16384 206392 0.000755 2.0033 0.000349 1.9993 0.000762 2.0007

accuracy in L2- and H2-like norms is much better than the GR method; this is
expected since the FV method has a number of unknowns nu more than 3.5 times
larger than that of GR. However, the super-convergence property of the gradient
reconstruction gives a clear advantage to GR for the H1-like norm. For a similar
number of unknowns nu (which means a matrix that is much cheaper to solve for
the FV method than the GR method, due to a reduced nnz), the FV method still
has a clear advantage in the L2 norm over the GR method, but similar accuracy in
the H2-like norm (compare the results for the 5th mesh in the mesh1 family with
the �nest mesh used for the GR method); the GR method however still preserves
a clear lead on the H1-like norm error.

7. Classical FE schemes fitting into the HDM

We show here that some known FE schemes �t into the Hessian discretisation
method, that is, they are Hessian schemes for particular choices of Hessian discreti-
sations.

7.1. Conforming methods. For conforming �nite elements, we require our �nite
element space Vh to be a subspace of the underlying Hilbert space H2

0 (
). We can
then de�ne a Hessian discretisation by XD;0 = Vh and, for v 2 XD;0, �Dv = v,
rDv = rv and HBDv = HBv. The estimates on CBD , SBD and WB

D easily follow:

� CBD is bounded by the constant of the continuous Poincar�e inequality in
H2

0 (
).
� Standard approximation properties (see, e.g., [66]) yield, for almost-a�ne

families of FE, estimates on the interpolation error SBD .
� Integration-by-parts in H2

0 (
) shows that WB
D (�) = 0 for all � 2 HB(
).

We brie
y describe hereafter three �nite elements which meet this requirement.
The reader is referred to [66] for details.

The Argyris triangle : The Argyris triangle is a C1 element which uses a complete
polynomial of degree �ve. The degrees of freedom consist of function values and
�rst and second derivatives at the vertices in addition to normal derivatives at the
midpoints of the sides. One di�culty with the Argyris triangle is that there are 21
degrees of freedom per triangle. A modi�cation to the Argyris triangle is the Bell's
element which suppresses the values of the normal slopes at the nodes at the three
midpoint sides, reducing the number of degrees of freedom to 18 per element.

Hsieh-Clough-Toucher triangles : In the Hsieh-Clough-Tocher (HCT) triangle, the
triangle is �rst decomposed into three triangles by connecting the barycenter of
the given triangle with each of its vertices. On each of the subtriangles a cubic
polynomial is constructed so that the resulting function is C1 on the original tri-
angle. There are a total of 12 degrees of freedom per triangle, which consist of
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t h e f u n cti o n v al u e s a n d fir st p arti al d e ri v ati v e s at t h e t hr e e v erti c e s of t h e ori gi n al
tri a n gl e i n a d diti o n t o t h e n or m al d eri v ati v e at t h e mi d p oi nt s of t h e si d e s of t h e
ori gi n al tri a n gl e.

7. 2. A n e x a m pl e of n o n- c o nf o r mi n g m e t h o d: t h e A di ni r e c t a n gl e. A s s u m e
t h at Ω c a n b e c o v er e d b y m e s h M m a d e u p of r e ct a n gl e s ( w e r e stri ct t h e pr e s e n-
t ati o n t o d = 2 f or si m pli cit y). T h e el e m e nt K c o n si st s of a r e ct a n gl e wit h v erti c e s
{ a i , 1 ≤ i ≤ 4 } ; t h e s p a c e P K i s gi v e n b y P K = P 3 ⊕ { x 1 x 3

2 } ⊕ { x 3
1 x 2 } , b y w hi c h w e

m e a n p ol y n o mi al s of d e gr e e ≤ 4 w h o s e o nl y f o urt h- d e gr e e t er m s ar e t h o s e i n v ol vi n g
x 1 x 3

2 a n d x 3
1 x 2 . T h u s P 3 ⊂ P K . T h e s et of d e gr e e s of fr e e d o m i n e a c h c ell i s

Σ K = p (a i ),
∂ p

∂ x 1
(a i ),

∂ p

∂ x 2
(a i ); 1 ≤ i ≤ 4 , p ∈ P K .

T h e gl o b al a p pr o xi m ati o n s p a c e i s t h e n gi v e n b y

V h =: { v h ∈ L 2 ( Ω); v h |K ∈ P K ∀ K ∈ M , vh a n d ∇ v h ar e c o nti n u o u s at

t h e v erti c e s of el e m e nt s i n M , vh a n d ∇ v h v a ni s h at v erti c e s o n ∂ Ω } .

N ot e t h at V h ⊂ H 1
0 ( Ω) ∩ C 0 (Ω).

D e fi ni ti o n 7. 1 ( H e s si a n di s cr eti s ati o n f or t h e A di ni r e ct a n gl e) . E a c h v D ∈ X D ,0

i s a v e ct o r of t h r e e v al u e s at e a c h v e rt e x of t h e m e s h ( wit h z e r o v al u e s at b o u n d a r y
v e rti c e s ), c o r r e s p o n di n g t o f u n cti o n a n d g r a di e nt v al u e s, Π D v D i s t h e f u n cti o n s u c h
t h at ( Π D v D ) |K ∈ P K a n d it s g r a di e nt t a k e s t h e v al u e s at t h e v e rti c e s di ct at e d b y

v D , ∇ D v D = ∇ ( Π D v D ) a n d H B
D v D = H B

M ( Π D v D ) i s t h e b r o k e n H B ( H D i s t h e
b r o k e n H ).

We a s s u m e t h at t h e m e s h i s r e g ul ar, t h at i s, ( 4. 14. 1 ) h ol d s wit h η n ot d e p e n di n g o n
t h e m e s h.

T h e o r e m 7. 2. L et D b e a B – H e s si a n di s c r eti s ati o n i n t h e s e n s e of D e fi niti o n
7. 17. 1 wit h B s ati sf yi n g t h e c o e r ci v e p r o p e rt y. T h e n, t h e r e e xi st s a c o n st a nt C , n ot
d e p e n di n g o n D , s u c h t h at

• C B
D ≤ C ,

• ∀ ϕ ∈ H 3 ( Ω) ∩ H 2
0 ( Ω) , S B

D (ϕ ) ≤ C h ϕ H 3 ( Ω ) ,

• ∀ ξ ∈ H 2 ( Ω) d × d , W B
D (ξ ) ≤ C h ξ H 2 ( Ω ) d × d .

T h e pr o p erti e s of H e s si a n di s cr eti s ati o n s b uilt o n t h e A di ni r e ct a n gl e f oll o w fr o m
t hi s t h e or e m a n d R e m ar k 3. 43. 4 .

C o r oll a r y 7. 3. L et (D m ) m ∈ N b e a s e q u e n c e of B – H e s si a n di s c r eti s ati o n s b uilt o n
t h e A di ni r e ct a n gl e, s u c h t h at B i s c o e r ci v e a n d t h e u n d e rl yi n g s e q u e n c e of m e s h e s
a r e r e g ul a r a n d h a v e a si z e t h at g o e s t o 0 a s m → ∞ . T h e n t h e s e q u e n c e (D m ) m ∈ N

i s c o e r ci v e, c o n si st e nt a n d li mit- c o nf o r mi n g.

P r o of of T h e o r e m 7. 27. 2 .
I n t hi s pr o of, C > 0 d e n ot e s a g e n e ri c c o n st a nt t h at c a n c h a n g e fr o m o n e li n e t o
t h e ot h er b ut d e p e n d s o nl y o n Ω, d , B a n d η .

• C o e r ci vi t y: Si n c e V h ⊂ H 1
0 ( Ω) , f or v ∈ X D ,0 , t h e P oi n c ar é i n e q u alit y yi el d s

Π D v ≤ di a m( Ω) ∇ D v , w hi c h gi v e s u s p art of t h e e sti m at e o n C B
D . D e fi n e t h e

b r o k e n S o b ol e v s p a c e

H 1 (M ) = v ∈ L 2 ( Ω) ; ∀ K ∈ M , v|K ∈ H 1 (K )
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a n d e n d o w it wit h t h e d G n or m

w 2
d G : = ∇ M w 2 +

σ ∈ F

1

h σ
w 2

L 2 ( σ ) , ( 7. 1)

w h er e

h σ =
mi n( h K , hL ) if σ ∈ F i n t, M σ = { K, L }
h K if σ ∈ F e x t , M σ = K,

a n d t h e j u m p of w i s

w =
w |K − w |L if σ ∈ F i n t, M σ = { K, L }
w |K if σ ∈ F e x t , M σ = K.

If w = 0 at t h e v erti c e s of σ t h e n, b y t h e P oi n c ar é i n e q u alit y i n H 1
0 (σ ) ( L e m m a

A. 1A. 1 ),

w L 2 ( σ ) ≤ C h σ ∇ M w L 2 ( σ ) d . ( 7. 2)

If σ ∈ F i n t wit h M σ = { K, L } t h e n w = 0 at t h e v erti c e s of σ , a n d (7. 27. 2 ) c o m bi n e d
wit h t h e tr a c e i n e q u alit y [ 77 , L e m m a 1. 4 6] t h er ef or e gi v e

w L 2 ( σ ) ≤ C h σ ( ∇ M w |K L 2 ( σ ) d + ∇ M w |L L 2 ( σ ) d )

≤ C t r h σ (h
− 1 / 2
K ∇ M w L 2 ( K ) d + h

− 1 / 2
L ∇ M w L 2 ( L ) d ), ( 7. 3)

w h er e C t r d e p e n d s o nl y o n d a n d t h e m e s h r e g ul arit y p ar a m et er η . T a k e v ∈ X D ,0 .
Si n c e ∇ D v i s c o nti n u o u s at t h e v erti c e s of el e m e nt s i n M a n d ∇ D v v a ni s h at v erti c e s
al o n g ∂ Ω, c h o o si n g w = ∇ D v i n (7. 27. 2 ) a n d ( 7. 37. 3 ) yi el d s

∇ D v L 2 ( σ ) d ≤ C t r h σ h
− 1 / 2
K ∇ M (∇ D v ) L 2 ( K ) d × d + h

− 1 / 2
L ∇ M (∇ D v ) L 2 ( L ) d × d .

R e c alli n g t h e d e fi niti o n ( 7. 17. 1 ) of t h e d G n or m, t h e a b o v e i n e q u alit y a n d t h e c o er ci vit y
pr o p ert y of B yi el d

∇ D v 2
d G ≤ ∇ M (∇ D v ) 2

+ 2 C t r

σ ∈ F

h σ h − 1
K ∇ M (∇ D v ) 2

L 2 ( K ) d × d + h − 1
L ∇ M (∇ D v ) 2

L 2 ( L ) d × d

≤ ∇ M (∇ D v ) 2 + C
K ∈ M

∇ M (∇ D v ) 2
L 2 ( K ) d × d

≤ C H M ( Π D v ) 2 ≤ C − 2 H B
M ( Π D v ) 2 = C − 2 H B

D v 2 .

U si n g t h e f a ct t h at w ≤ C w d G w h e n e v er w i s a br o k e n p ol y n o mi al o n M
( s e e [ 77 , T h e or e m 5. 3]), w e i nf er t h at ∇ D v ≤ C − 1 H B

D v , w hi c h c o n cl u d e s t h e
e sti m at e o n C B

D .

• C o n si s t e n c y: C o n si st e n c y f oll o w s fr o m t h e a ffi n e pr o p ert y of t h e f a mil y of A di ni
r e ct a n gl e s. U si n g [ 66 , T h e or e m 3. 1. 5, C h a pt e r 3], f or ϕ ∈ H 3 ( Ω) ∩ H 2

0 ( Ω), w e o bt ai n

i nf
w ∈ X D , 0

H B
D w − H B ϕ ≤ C h |φ |3 ,Ω , i nf

w ∈ X D , 0

∇ D w − ∇ ϕ ≤ C h 2 |φ |3 ,Ω

a n d i nf
w ∈ X D , 0

Π D w − ϕ ≤ C h 3 |φ |3 ,Ω ,

w hi c h i m pli e s S B
D (ϕ ) ≤ C h |φ |3 ,Ω .
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• Li mi t- c o n f o r mi t y : f or ξ ∈ H 2 ( Ω) d × d a n d v D ∈ X D ,0 , c ell wi s e i nt e gr ati o n- b y-
p art s ( s e e L e m m a A. 2A. 2 ) yi el d s

Ω

(H : B τ B ξ ) Π D v D d x =
K ∈ M K

(H : A ξ ) Π D v D d x

=
Ω

A ξ : H D v D d x −
K ∈ M ∂ K

(A ξ n K ) · ∇D v D d s (x )

+
K ∈ M ∂ K

( di v ( A ξ ) · n K ) Π D v D d s (x ).

F or K ∈ M a n d σ ∈ F K , l et n K, σ b e t h e u nit v e ct or n or m al t o σ o ut w ar d t o K .
F or all σ ∈ F , w e c h o o s e a n ori e nt ati o n (t h at i s, a c ell K s u c h t h at σ ∈ F K ) a n d
w e s et n σ = n K, σ . We t h e n s et w = w |K − w |L if σ ∈ F i n t wit h M σ = { K, L } ,
a n d w = w |K if σ ∈ F e x t wit h M σ = K . T h e n

Ω

(H : A ξ ) Π D v D d x −
Ω

A ξ : H D v D d x

= −
σ ∈ F σ

(A ξ n σ ) · ∇ D v D d s (x ) +
σ ∈ F σ

( di v ( A ξ ) · n σ ) Π D v D d s (x ).
( 7. 4)

Si n c e Π D v D ∈ H 1
0 ( Ω) ∩ C (Ω), Π D v D = 0. L et Λ K d e n ot e t h e Q 1 i nt er p ol ati o n

o p er at or a s s o ci at e d wit h t h e v al u e s at t h e f o ur v erti c e s of K , a n d Λh b e t h e p at c h e d
i nt er p ol at or s u c h t h at ( Λh ) |K = Λ K f or all K . Λh (∇ D v D ) t a k e s t h e v al u e s of ∇ D v D

at t h e v erti c e s, s o it i s c o nti n u o u s at i nt er n al v erti c e s a n d v a ni s h e s at t h e b o u n d ar y
v erti c e s. H e n c e, f or a n y σ ∈ F , Λ h (∇ D v D ) v a ni s h e s o n σ si n c e it i s li n e ar o n t hi s
e d g e a n d v a ni s h e s at it s v erti c e s. A s a c o n s e q u e n c e,

Ω

(H : A ξ ) Π D v D d x −
Ω

A ξ : H D v D d x

= −
σ ∈ F σ

(A ξ n σ ) · ∇ D v D − Λ h (∇ D v D ) d s (x )

= −
K ∈ M σ ∈ F K

σ

A ξ n K, σ · ∇ D v D − Λ K (∇ D v D ) d s (x ). ( 7. 5)

S etti n g ϕ = A ξ n K, σ a n d w = ∇ D v D , a c h a n g e of v ari a bl e s yi el d s

σ ∈ F K

ϕ · w − Λ K (w ) d s (x ) = |σ |
σ ∈ F

K

ϕ · w − Λ K (w ) d s (x ), ( 7. 6)

w h er e K i s t h e r ef er e n c e fi nit e el e m e nt. L et F K = { σ 1 , σ2 , σ1 , σ2 } s u c h t h at |σ 1 | =

|σ 1 | = h 1 a n d |σ 2 | = |σ 2 | = h 2 . L et u s c o n si d er

δ 1 , K (φ, v ) =
σ 1

φ v − Λ K (v ) d s (x ) −
σ 1

φ v − Λ K (v ) d s (x ), ( 7. 7)

f or φ ∈ H 1 (K ) a n d v ∈ ∂ 1 P K .  T h e st e p s i n [66 , T h e or e m 6. 2. 3] s h o w t h at
δ 1 , K (φ, v ) ≤ C h |φ |1 , K |v |1 , K . F or t h e s a k e of c o m pl et e n e s s, l et u s bri e fl y r e c all t h e

ar g u m e nt. U si n g c h a n g e s of v ari a bl e s, δ 1 , K (φ, v ) = h 1 δ 1 ,K (φ, v ). Si n c e P 0 ⊂ Q 1 ,

w hi c h i s pr e s er v e d b y Λ K , f or all v ∈ P 0 a n d φ ∈ H 1 (K ) w e h a v e δ 1 ,K (φ, v ) = 0

( fir st p ol y n o mi al i n v ari a n c e). L et u s n o w pr o v e t h at t h e s a m e r el ati o n h ol d s if
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φ ∈ P 0 a n d v ∈ ∂ 1 P K . Si n c e φ ∈ P 0 , it s v al u e o n K i s a c o n st a nt, s a y, e q u al t o a 0 .
Si n c e v ∈ ∂ 1 P K w e h a v e

v = b 0 + b 1 x 1 + b 2 x 2 + b 3 x 2
1 + b 4 x 1 x 2 + b 5 x 2

2 + b 6 x 2
1 x 2 + b 7 x 3

2 .

T a ki n g t h e v al u e s at t h e f o ur v erti c e s, w e g et

Λ K v = b 0 + ( b 1 + b 3 )x 1 + ( b 2 + b 5 + b 7 )x 2 + ( b 4 + b 6 )x 1 x 2 .

A s s u mi n g wit h o ut l o s s of g e n er alit y t h at σ 1 i s t h e li n e x 1 = 1 a n d σ 1 i s t h e li n e
x 1 = 0, w e i nf er

(v − Λ K v ) |x 1 = 0 = − (b 5 + b 7 )x 2 + b 5 x 2
2 + b 7 x 3

2 ,

(v − Λ K v ) |x 1 = 1 = − (b 5 + b 7 )x 2 + b 5 x 2
2 + b 7 x 3

2 .

T h e r el ati o n δ 1 ,K (φ, v ) = 0 ( s e c o n d p ol y n o mi al i n v ari a n c e) t h e n f oll o w s fr o m

σ 1

φ (v − Λ K v ) d s (x ) =
1

0

a 0 (− (b 5 + b 7 )x 2 + b 5 x 2
2 + b 7 x 3

2 ) d x 2

=
σ 1

φ (v − Λ K v ) d s (x ).

T h e bili n e ar f or m δ 1 ,K (φ, v ) i s c o nti n u o u s o v er t h e s p a c e H 1 (K ) × ∂ 1 P K b y t h e

tr a c e t h e or e m. U si n g t h e bili n e ar l e m m a [ 66 , T h e or e m 4. 2. 5], w e d e d u c e fr o m t h e

t w o p ol y n o mi al i n v ari a n c e s t h e e xi st e n c e of a c o n st a nt C s u c h t h at |δ 1 ,K (φ, v )| ≤

C |φ |1 ,K |v |1 ,K f or all φ ∈ H 1 (K ), v ∈ ∂ 1 P K . A dir e ct c h a n g e of v ari a bl e s s h o w s

t h at
|φ |1 ,K ≤ C |φ |1 , K a n d |v |1 ,K ≤ C |v |1 , K .

Si n c e δ 1 , K (φ, v ) = h 1 δ 1 ,K (φ, v ), w e i nf er δ 1 , K (φ, v ) ≤ C h |φ |1 , K |v |1 , K . Si mil arl y,

δ 2 , K (φ, v ) ≤ C h |φ |1 , K |v |1 , K ( c o n si d eri n g i nt e gr al s o v er σ 2 a n d σ 2 ). H e n c e, fr o m
(7. 57. 5 ), ( 7. 67. 6 ) a n d ( 7. 77. 7 ),

Ω

(H : A ξ ) Π D v D d x −
Ω

A ξ : H D v D d x ≤ C ξ H 2 ( Ω ) d × d h H B
D v D .

T h e pr o of of t h e e sti m at e o n W B
D (ξ ) i s c o m pl et e.

A p p e n di x A. T e c h ni c a l r e s u l t s

L e m m a A. 1 ( P oi n c ar é i n e q u alit y al o n g a n e d g e) . L et σ b e a n e d g e of a p ol y g o n al
c ell, w ∈ H 1 (σ ) a n d a s s u m e t h at w v a ni s h at a p oi nt o n t h e e d g e σ ∈ F . T h e n
t h e r e e xi st s C > 0 s u c h t h at

w L 2 ( σ ) ≤ h σ ∂ w L 2 ( σ ) ,

w h e r e ∂ d e n ot e s t h e d e ri v ati v e al o n g t h e e d g e a n d h σ i s t h e l e n gt h of t h e e d g e.

P r o of. L et m d e n ot e t h e p oi nt o n t h e e d g e σ w hi c h s ati s fi e s w (m ) = 0. F or m < x ,
w e g et

w (x ) = w (m ) +
x

m

∂ w (y ) d y =
x

m

∂ w (y ) d y.

A u s e of C a u c h y- S c h w ar z i n e q u alit y yi el d s

|w (x )| ≤ |x − m |1 / 2
x

m

| ∇w |2 d y
1 / 2

≤ h σ
σ

|∂ w |2 d y
1 / 2

.
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S q u ari n g t hi s yi el d s |w (x )|2 ≤ h σ σ
|∂ w |2 d y a n d i nt e gr ati n g o v er t h e e d g e c o n-

cl u d e s t h e pr o of.

L e m m a A. 2 (I nt e gr ati o n b y p art s) . L et P b e a f o u rt h o r d e r t e n s o r. F o r ξ ∈
H 2 ( Ω) d × d a n d φ ∈ H 1 ( Ω) , w e h a v e

Ω

(H : P ξ )φ = −
Ω

∇ φ · di v ( P ξ ) +
∂ Ω

di v ( P ξ · n )φ.

F o r ψ ∈ H 2 ( Ω) ,

Ω

P ξ : H ψ = −
Ω

∇ ψ · di v ( P ξ ) +
∂ Ω

( di v ( P ξ n )) · ∇ψ.

F o r ζ ∈ H 1 ( Ω) d ,

Ω

P ξ : ∇ ζ = −
Ω

di v ( P ξ ) · ζ +
∂ Ω

( di v ( P ξ n )) · ζ.
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u m e 6 9 of M at h é m ati q u e s & A p pli c ati o n s ( B e rli n ) [ M at h e m ati c s & A p pli c ati o n s] . S p ri n g e r,

H ei d el b e r g, 2 0 1 2.
[ 8] J. D o u gl a s, J r., T. D u p o nt, P. P e r c ell, a n d R. S c o t t. A f a mil y of C 1 fi ni t e el e m e nt s wi t h o p ti-

m al a p p r o xi m a ti o n p r o p e r ti e s f o r v a ri o u s G al e r ki n m e t h o d s f o r 2 n d a n d 4 t h o r d e r p r o bl e m s.
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